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BCTYI TA AHANI3 NITEPATYPU

KoxHa cucmema kepysaHHsi cknapgaetbcs 3 06’ekTy kepyBaHHA O Ta gesikoro
npuctpoto C, wo «kepye ob6ektom O. CraH o00'ekTy BM3HAYaETHCA

T 3
BekTopom X = (X, X,...X,) , sKuil HasuBaeTbcs cbasosumu koopduHamamu O.

Mpucpiin C nocunae po O sektop curvanie U = (U,U,...U, )", wo HasusaeTbes

¢yHkujeto kepysaHHs (Puc.1). MatematuyHo noBegiHka ob’ekta O onucyeTbcs
PiBHAHHAMU pyxy. Lle mMoxyTb Oyt cuctemu anrebpaivyHux piBHAHb (perpecivHi
mMogeni), AndepeHuianbHi PiBHAHHSA, iHTerpanbHi PIBHAHHS, OWCKPETHI PIBHAHHS.
AKLWO PIBHAHHA PyXy 3anucyoTbCs Y BUMNAAI AUCKPETHUX PIBHSAHb, TO Taki cMcteMu
€ AuckpeTHuMu. [ns  HenepepBHWX CUCTEM HaWBInbll  PO3MOBCIOOXEHOO
MaTeMaTU4yHOK (OPMOI € 3BUMYaKMHI AudbepeHuianbHi piBHSAHHA. Taki cuctemu
Ha3nBaloTLCH CMCTEMaMK 3 30cepedeHUMU rnapamempamu:

dx
— = f(x,u,t),
dt()

ne f (X, u, t) € N -BuMipHa BekTOp GYHKLUIS, T —vyac YHKLIOHYBaHHS cUCTEMU.

Akwo cTaH 06’€KTy OMNMnCyeTbCA PIBHAHHSAM B YaCTUHHMX MOXigHMX, TO Taka
HenepepBHa cuctemMa Ha3nBa€eTbCA CUCTEMOKO 3 po3n00ineHumu napamempamu.

C u(t) o X(t)
(control) >

A 4

Puc.1

3a BUrMA0M Kepylu4oro BMMMBY CUCTEMMU KEPYBaHHSA MOXHa po3butu Ha gBa
Knacu: cucTeMun 3 ripoepamMHUM KepysaHHSIM Ta CUCTEMU 3 0BepHeHUM 38’S3KOM.
Mepwmin TMN CUCTEM XapaKTepU3yeETbCA TUM, WO 06’EKTU KEpyBaHHA MarTb TOYHO
BM3HaYeHi PIiBHAHHA 3 TOYHO BU3HAYEHVMMU MapameTpamu, BiACYTHIN BUMALKOBUN
BMMMB, KPWUTEPIN SKOCTI € AeTepMiHOoBaHWM. Todi € MOXNUBICTL  po3paxysBaTu

KepyBaHHs U(t) A0 noyaTky OYHKLiIOHYyBaHHA cuctemn. KepysaHHs Burnagy
u=F()
Ha3MBa€ETbCA MpoepaMHUM KepysaHHsaM. TyT F(t) € peska I -BumipHa

yHKUis, Wo BUBMpaeTbCs 3 Knacy BUMIpHUX abo KyCKOBO-HEMNeEPEPBHMX KEPYBaHb.
Cuctemn nporpaMHoOro KepyBaHHS Ha3UBAKTLCS Lie He3aMKHeHUMU. Taki cuctemm
€ oOMeXeHMMU, Tak sIKk BOHWM He BiACMiAKOBYHOTb MOTOYHOIO CTaHy CUCTEMMU, SIKWUIA
MOXe 3MiHIOBATKCh Nif BNAMBOM BMNaaKoBUX 30ypeHb, HETOUHOCTEN MOAENi TOLO.
TomMy KepyuuMn MPUCTPIN HaAINSeTbCA LOOAATKOBOK naHkow. Mo ui naHui

BUXiAHWIA curHan X(t) noctynae Ha kepytoumn npuctpin C i Toai cucrtema

Ha3nBaeTbCA CUCTEMOI 3 ObepHeHUM 38’A3koM abo 3aMKHEeHOK CUCMEeMOK
(punc.2).
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C u(t) - x(p)
(control)
A

v

A
@]

Pwnc.2

KepyBaHHs BUrmsiay
u=F(xt)
Ha3MBaeTbCs kepyBaHHAM 3 obepHerHum 3e’'askom. Tyt F(X,t) e I -sumipHa

YHKLISA (3 KNacy BUMIPHMX, KYCKOBO-HENepepBHUX OYHKLIN).
lMpuknad. Po3arnaHemo 3agady 3ynuHKM MasiTHUKa B NOMOXEHHI piBHOBaru.

]
Akwo X ¢ BigxuneHHAM MasTHUKa Big cTaHy piBHoBarn, a U — cuna, sky

HeO6Xi,D,H0 npuKNnacTn 4o MadaTHUKa, TO piBHﬂHHﬂ PyXy MakoTb BUMMAL
2
d“x(t)

e +X(t)=u.

MpvnycTMMO, WO cuna 3aJ0BOSNbHAE OBMEXEHHHO |u| <U. 3pobumo 3aminy

3MiHHUX X = X, E = X, ioTpumaemo

dx
d_l = X2 (t),
t 1)
dx, _ X, (t) +u
at ot '

Muoxuia M ={x; =0, X, =0} susHauae cran pisHosarn i HasuBaeTbCS

TepMiHanbHOW. AKWO B MNOYaTKOBMW  MOMEHT  4yacy t=t0 BigoMmi
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dx(t
X(t,) =X, (t,) =X Ta % =X, (t,) = X3, T0 Moxe 6yTn nobyaosake

nporpamHe KepyBaHHS u:u(t), AKe nepesBoauTb cuctemy (1) 3 MONOXeHHS

0 0 .
(Xl ,Xz) Ha TepMmiHanbHy MHoxuHy M . Takux kepysaHb € 6arato. OgHe 3 HUX

30iACHIOE NepeBia 3a HaNMEHLLUIA Yac | € onTuManbHUM 3a Wweuakogieto. [Ans noro
3HaxXOMKEHHS 3aCTOCOBYIOTb NPUHLUMM MakcumyMy [loHTpsriHa. Ane TunoBsow €

. 0 0 .
cuTyalisl, KOnuW CcTaH cucTemu (Xl,Xz) € HeBimomuM Hanepen. Hanpwuknag,

. . - 0 0 -
MaATHUK niga BAJIMBOM HEBIAOMUX CUIl nepeunwoB B CTaH (Xl,Xz) I noro

HeobxiaHo nosepHyTH B cTaH pisHoarn M . Takum unHOM, cTaBuTLCA 3amaya Npo
3HaxoMxeHHa kepyBaHHA U, Takoro, o nepesogunTb cuctemy (1) 3 0osinbHO20

0 L0 .
nonoxenHs (X, ,X,) Ha TepmiHanbHy MHOXMHy. Taka 3apada € 3adayero

CUHMe3y KepysaHHs. SKWO MpU LbOMY MOTPIGHO 3HAWTW KepyBaHHS, LIO
nepeBoauTb cuctemy (1) Ha TepMiHarnbHy MHOXMWHY 3a HalMEHLIMIA Yac, To Taka
3afjaya HasuBaeTbCs 3adaverd CuHMe3dy OofMuMasibHO20 KepyeaHHs. 3ajava
CUHTE3Y PO3B’'A3YETHCS Y KNaci kepyBaHb 3 06epHEHNM 3B’SI3KOM.

3apayy 3ynuHKM MasTHMKa B nonoxedHi pisHosarn M moxHa posrnspati
HaCTyMHUM 4YnHOM. CTauioHapHUn pexum X, =0, X, =0 e poss'sizkoM cucTeMM

(1), skwo U =0, Xl0 =0, Xg =0. Takuit pyx HasMBaeTbCA NporpamHUM. SKLLO

MasTHUK BiOXUNAETLCS Bif MOMOXEHHS piBHOBaru, To HeobXiaHO 3HaNTK JonycTuMe
KepyBaHHs, ske 6 3abe3ne4mno acMMNTOTWYHY CTIMKICTb CTaLiOHAPHOrO PEXumy.
Taka 3agava Ha3MBaeTbCs 3afadveto cmabinisayii npoepamHo20 pyXy.

PosrnaHemo cuctemy andepeHuianbHMX piBHSHb

dx
—=f(x,u,t), 2)
dt
ne X — N-sumipauit Bektop crady, U=U(X,t) - I -umipHuit BexTop

KepyBaHHsi, o € BuMipHUM 3a t i HenepepBHUM (abo KyCKOBO-HEMepepBHUM) 3a
r .

X Tta wnanexuts komnakry U cR', t>t;, f(x,u,t) - n-sumipHa
. o . n
HenepepBHa BekTOp dyHKLIA. Hexal 3agana TepmiHansHa MHoxuHa M c R™ .

O3HayeHHs. 3ajava cuHme3sy KepysaHHs1 ONA CUCTEMM (2) Nonsrae y BU3HaYeHi

n , ~
muoxuHn W (7, T, M) < R" Ta kepysaHhs 3 o6epHenum 38’sskom U = U (X, 1),
TaKoro, Lo € AONYCTMMUM i BCi PO3B’A3KN cucTeMy andepeHuianbHMX piBHAHb

dx(t) ~
Errail CONTCONRY

Taki, wo X(7) eW(z,T,M), & moment t =T nonapatots Ha TepMiHanbHy
mHoxuHy M, 10610 X(T) € M . Tyt 7 <T . Yac, 3a siuii apilicHioeTbes nepesin

Ha mMHoxuHy M HasuBaeTbcst yacom nepexidHozo nmpouecy. FAKWO MPU LOMY
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HeoOXigHO ONTUMI3yBaTW AESIKAA KPUTEPIN SKOCTI |(U,X,T), TO Taka 3agjava

Ha3uBaeTbCA 3a0ayeto CUHME3y ONMNMUMallbHOZ0 Kepy8aHHs.

Baxnueum nuTaHHaAM npu nobynoBi CUCTEM KepyBaHHA € aHani3 CTiMKOCTi
nporpamMHnX  (3adaHnx) pexumis yHKUIOHYBaHHS. [nd LbOro OOCWUTbL LUMPOKO
BUKOPUCTOBYIOTbCSI MeToau Teopii cTikocTi. [Ans noOyaoBu CTiMKMX CUCTEM
KepyBaHHs BMKOPUCTOBYIOTbCA pi3Hi nigxogn. OOMH 3 HUX nonsdrae B aHanisi
NnoyaTKOBMX AaHUX Ta MapaMeTpiB cucTemu, siki 3abe3nevyloTb CTIMKUA PeXum
OYHKUIOHYBaHHA. |HWWIA cnoci6 nonsrae y TOMy, WO B CTPYKTYpy CUCTEMU
KepyBaHHsi BBOOUTbCA JoAaTkoBa faHka obepHeHoro 3B’si3ky. Bubip uiei naHku
30iACHIOETLCA Ha OCHOBI Teopil CTikocTi pyxy. Lle o3Havae, wo nobygosa cCTinikoi
CUCTEMW KepyBaHHS 30INCHIOETLCA 3a [OMNOMOro  A0AATKOBUX  KepyBaHb
(perynsTopis), npu Akux nporpaMHui pyx byae cTinkum. 3agadva nobyaoBu Takux
KepyBaHb HasuBaeTbCs 3adayero cmabinizauii npoepamHo2o pyxy abo 3agadveto
aHaniTM4YHOro KOHCTPYHOBAHHSA perynsitopis. AKwo notpibHo 3a6e3neyunTu CTilKicTb
nporpamMHoOro pyxy i Ha knaci crabiniaytoumx perynsitopis onTumisyBatu OesiKUN

kpuTepiii sikocTi | (X, u) , TO Taka NocTaHOBKa Ha3nBaETLCA 3a4aveto ornmumalsibHol

cmabinisaujr.

OcHOBOIO pO3B’'A3yBaHHA 3adadi ONTMMAarnbHOrO CUHTE3Y KepyBaHHS € MeToA
AnHaMivyHoro nporpamyBaHHs bBennmaHa. BiH WWMPOKO BUCBITNEHWA Y HayKoBIn
nitepatypi

1. BennmaH P. OuHamunyeckoe nporpammupoBaHue:lep ¢ aHr. -M.: A3g-Bo
WHOCTpaHHoM nutepatypsbl, 1973. -400 c.

2. bennman P. Tpouecchl perynupoBaHusa ¢ agantauuen: lMep c aHr. -M.:
Hayka, 1964. -359 c.

3. bennman P., [HOpencdyc C. T[lpuknagHble 3ajayv OMHAMUYECKOTO
nporpammupoBaHus: MNep ¢ aHr. -M.: Hayka, 1965. -458 c.

4. bennmaH P., Kana6a P. JuHammnyeckoe nporpaMMnpoBaHue 1 CoBpeMeHHas
Teopus ynpasnenus: MNep c aHr. -M.: Hayka, 1969. -118 c.

5. bybnuk B.H., Knpuuenko H.®. OcHoBbl Teopuu ynpaenenus. —K.: Buwa
wkona, 1975. -328 c.

6. BacunbeB ®.I1. YncneHHble MeTOAbI peLleHnst aKCTpeMarnbHbIX 3agad. -M.:
Hayka, 1980. -520 c.

7. Fabacos P., Kupunnosa ®.M. OcHoBbl AMHaMMUYECKOr0 NPporpaMMMpOBaHUS. -
MwuHck: M3a-Bo Benopyc. yH-Ta, 1975. -262 c.

8. MouceeB H.H. OnemeHTbl Teopun ontuManbHblX cuctem. -M.: Hayka, 1975. -
528 c.

Po3BnTOK MeTogy AMHaMIYHOro nporpamyBaHHSA 3AINCHIOETBCA 3a [ABOMa
OCHOBHVMMMK  HampsaMkumu. [lepwmin  HampPaMOK MOB'A3aHMn 3 MeTofdamu
po3B’A3yBaHHs audepeHuiansHOro piBHsaHHA bennmana

1. KpotoB B.®., N'ypmaH B.U. MeToabl 1 3agayn ontumansHOro ynpaBneHus. -
M.: Hayka, 1973. -446 c.

2. bybnuk B.H., Oanunoe B.A., HakoHeuHbii A.I'. HekoTopble 3agauu
HabntogeHusa n ynpaeneHus B NMHeNHbIX cucteMax. —K.: YMK BO, 1988. -190 c.

3. NetoB A.M. AHanuTn4eckoe KOHCTPyMpoBaHWe perynaTopos // ABTomaTtuka u
TenemexaHuka, 1960. NeNe4-6.
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3HaNTN TOYHWUIA pPO3B’A30K PiBHSAHHA bBennmaHa Hag3BMYaMHO CKMagHo, ue
BOAETbCS 3pOOMTWN Yy BUHATKOBMX BUMagkax. B 3B'si3ky 3 UMM pO3BUBaKOTLCHA
HabnwxkeHi meTogu. Baromuin BHecok B LbOMYy HanpsiMky 3pobuB KpotoB. 3a
aonomoroto metoay KpotoBa nokasaHo iCHyBaHHSI KOB3HUX OMTUMAIbHUX PEXUMIB,
AKi BigirpatoTb BaXIMBY POfb B MUTAaHHAX ONTUMArnbHOMO peryrioBaHHS.

1. dununnos A.®. O HeKkoTOpbIX BOMpocax Teopuu OMTUMArnbHOro
perynupoBaHus// BectHuk MockoBckoro yHuBepcuteTa, Cepus maTemartuka,
MexaHuka.— 1959. — Ne2. — C.25-32.

2. Tawmkpenupse P.B. OcHoBbl oOnNTMManbHOro ynpaeneHus.— Tounucu:
WN3patenbctBo Tounucckoro yHneepcuteTa, 1977. — 232c.

3. Bannsapckun WN.B. Teopema cyliecTBoBaHMS ONTUMAarnbHOMO yrnpasreHus B
3agave bonbua, HekoTopble ee NpUNOXeHWs U Heobxogumble yCrnoBus
ONTUMAaNbHOCTU CKOMb3AWMX M 0COObIX pexumos// XKypHan BblMMCANTENBHOMN
MaTemaTuku U MateMaTudeckon pusmkun. — 1967. —1.7, Ne2. — C.259-283.

4. Tamkpenuase P.B. O ckonb3swmx ontumanbHbix pexumax// [Ooknagbl
Akapemumn Hayk CCCP. — 1962.-1.143, Ne6. — C.1243-1245.

Opyruii HanpsiMOK MNOB’SI3aHO 3 PO3BUTKOM anroputMy MeToay AWHaMIYHOro
nporpamyBaHHs

1. Moucees H.H. OnemeHTbl Teopumn ontumaneHbix cuctem. -M.: Hayka, 1975. -
528 c.

HagssunuariHo Benwuka KinbKicTb npaupb npucesyeHa npobnemi ctabinizauii

1. MankuH W.I". Teopus yctonumnsoctu asmkeHuns. -M.: Hayka, 1966. -532 c.

2. 3y6os B.W. YcTonunsocTtb aBmxeHus. -M.: Beiclias wkona, 1973. -271 c.

3. 3y6os B.W. Jlekumun no teopuu ynpaenenus. -M.: Hayka, 1975. -494 c.

4. KupnyeHko H.®. BeegeHue B Teoputo ctabunusaumm aswkenus. -K.: Bbiwa
wkona, 1978. -184 c.

5. Kupuuenko H.®. HekoTtopble 3agaunm YCTOMYMBOCTM W YMNpaBrisieMOCTU
aswxkenus. K.: Usg-eo Kues. yH-Ta, 1972. -212 c.

6. bybrmmk B.H.,, Tapawenko ®.', Kupuyenko H.®. CrpykTypHO-
napameTpuyeckas onTMMM3aumsa 1 YCTOMYMBOCTb AMHaMukM nyykoB. —K.: HaykoBa
aymka, 1985. -304 c.

PO341N 1
METOO4 AMHAMIYHOIO NPOrPAMYBAHHA

NEKLIA 2
MNPUHLMM ONTUMAIIBHOCTI BENIMAHA

1. Mocmaroska 3adaui. Hexaii X - npocTip cTaHy 3 Rn, Qt(X)- ¢asosi
obmexenHs, U < R"- npocrip kepygatb, Q.(U) - samkHeHi MHOXMHM,

te [tO,T]. 3agaya onTMManbHOro KepyBaHHSI MONSAra€ B 3HAXOOXKEHHi HVDKHBOI
TOYHOI rpaHi yHKLUioHany
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J(u,x):]‘ fo(x,u,t)dt + D(x(T)) @)
n(;)m yMOBa?()

X
E: f(x,u,t), 2
X(t) € O, (X), €)
ut)eQ,U), teft,, T]. (%)

Tyt U - cbyHKuis kepyBaHHs, X - BekTop dhasosux koopamHat, f(X,u,t)- n-
BUMIpHa BEKTOP-(OYHKLUIfA, O 33a40BOMIbHAE YMOBW iCHYBaHHSA pO3B’A3KYy 3ajadi
Kowi, f,(X,u,t)- interposara dyHkuis, D(X)- HenepepsHa dyHkuis.

Posp’askom 3apadvi (1) — (4) Ha3mBaoTb napy (U*, X*), SIKa JOCTaBnNse 3Ha4YeHHA

TOYHOI HWXHBOI rpaHi dyHkuioHany (1). KepyBaHHs U BuGupatoTb sk npasBuro, 3
Knacy KyCKOBO-HenepepBHUX PyHKLUI, abo 3 knacy BUMIpHUX QOYHKL.

2. lNpunyun BbennmaHa. MeTon OWHaMIYHOrO mnporpamMyBaHHA 6asyeTbcs Ha
npuvHUMNi onTumaneHocTi bennmaHa. MeomeTpuyHMi 3MicT npuHuMny bennmaxa €
HacTyMHUM:

Oe

w.

A‘\_/

v

X
Puc. 1

AKLWO TpaekTopis cuctemu (2) 3'’egHye Toukn AC i € onTMMansHOK TPaeKTopieo
3apgavi (1) — (4), To TpaekTopis BC Takox Gyge ontumanbHOW Ans Aesikol 3agadi
ONTMManbLHOro KepyBaHHS Npu AOBiNbHOMY BUGOpPI Tovku B Ha TpaekTopii AC.

PosrnsHemo doromixHy 3adady po 3apadi (1) — (4). 3adgikcyemo S € ('[O,T).
3agaya nonsirae B TOMy. W06 MiHiMi3yBaTn dyHKLioOHan
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J (u,x) :]' fo(x,u,t)dt + O(x(T)) (5)
I'Idpl/l yMOBaXS

X
a:f(x,u,t), (6)
X(t) € Q,(X), (7
X(s) = X.(8), ®)
ut)eQU), te[s,T]. ©)

Mae micue HacTynHa Teopema.
Teopema 1 (MpuHuMA onTumansHocTi Bennmana). Akwo napa (U (t), X (1)) e

posg’'askom 3amadi (5) — (9), To (U(t),X(t))=(u.(t),X.(t)) Ha sigpisky
te[s,T].

[oBeneHHs. Big CyNnpOTUBHOIO. Mpunyctumo, o
@), X (1) # (U.(t), % (). Toa I (U,Xx)>J (T,X). Mobyayemo
KepyBaHHS

u.(t),t eft,,s],
u(t),tels,T].
Togi BignoBigHa NOMy TpaekTopis Mae BUrNsag,
X.(t),t elty,s],
X(t),te[s,T].

TaknumM YnHom,

J(@G,8) = ] £, (X(t), U(t), t)dt + @(ﬁ(t)):j (% (t), U. (1), )dt +
] £, (X (1), T (), t)dt + DR (D)) <

S

Ifo(x*(t),u*(t),t)dt+Js(u*,x*):J(u*,x*).

to

Omxe, kepyBaHHA U. He € onTumansHMM. [poTupivua goBoauTb Teopemy.

lMpuknad. MpuHuMn BennmaHa BUMKOHYETBCA He ANSA BCIX 3aday ONTUMAarbHOro
KepyBaHHs. Tak, po3rnsHeMo 3agady MiHiMisauii dpyHkuioHany
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2 27

J(u) = a? J.(x—sint)zdt+(.|.xdt)2, (10)
0 0

ne

%:u, t €[0,27]. (11)

Ouesnaro, wo J(U) > 0. Tomy napa

U.(t) =cost, x.(t) =sint, t €[0,27]

€ PO3B’sI3KOM uiel 3agaudi, npu4yomy onTuMarnbHe 3HAYEHHS
dyHKUioHany J.=J (U*) =0. Mobynyemo pana 3apgavi (10), (11) ponomikHy

3apavy. 3adpikcyemo S € [0,277] . MoTpi6HO MiHimisyBaTh dyHKLiOHaN
2z 2z
J,(u)=a* [(x=sint)*dt+( [ xdt)’
S S
npu yMOBi, Lo

%:u, X(s) =x.(s)=sins, te[s,T]

BisbMemo S = 77. Togi X.(7) =0 i
27
Js(u*):(jsintdt)z =4,

Poarnsivemo kepysanHsi U (t) = 0. Vomy sinnosinae Tpaextopis X(t) =0 8
cuny AONOMIKHOI 3adadi. Takum YmMHOM,

2
JS(G):aZIsinztdt:aZ%.

3uaiipemo @, nmpu smx  J (U*)>J (U). Ons umx o eukoHyeTses

2 T L .
o — < 4. Takum umHoMm, U, He € ONMTUMAMNbHUM KepyBaHHSIM JOMOMBKHOT 3agaui

npu a2 <—.
T
3. PigHsaHHs bennmaHa 0nsi OuckpemHoi cucmemu. PO3rMAHEMO HacCTymnHy
3agadvy oNTMManbHOro KepyBaHHS: MiHIMiI3yBaTh dyHKLioHarn

N-1

I %) = D F (X Uy, t) + DXy ) (12)
k=0

npv ymoBax
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Xy = F(X, U, t), k=01...,N -1, (13)
X €Q,(X), k=01..,N, (14)
u €Q,U), k=01..,N-1, (15)

v XcR", Q (X)X, k=0L..,N, UcR", Q U)cU,
k=01..,N-1, F,(x,ut), ®(X)- wHenepepeni dynkuii, F(X,u,t)-

HenepepBHa BekTOp-yHKUiA. Po3s’a3kom 3agadvi (12) — (15) Ha3uBaeTbca napa
nocninosrocter ({U; },{X, }) . sikuit sa6esnedye MmiHimym dyHkuioHany (12), npu
ymoBax (13) — (15).

3apava (12) — (15) mae amict, sikwo mHoxuHa (2 (X)) e pocskHowo 3 Touok

mHoxuHn Oy (X) .

OsHaverHs. Muoxua  Q (X)  HasuBaeTbcs [OCSKHOWO 3 TOUKM
. N-1 . .
X, € Q, (X), swwo icHye take ponyctume kepysans {U;} . Ta signosiana
. . N-1 .
nomy TpaekTopis cucremu (13) {Xj}j:k 3 Mo4YaTKoBOK YMOBOW X, Taki, Lo

Xy €Qy(X).
3adava 1. Ona 3apadi (13) — (15) BMKOHYETbCA NPUHUMN OMNTUMArbHOCTI

Bennmana. CchopmynioBaTy Liew NpUHUMN | JOBECTU NOrO.
Omxe, 3agavy (13) — (15) moxxHa po3butn Ha aBi.

1). Ona koxHoi Toukm X, € Qy(X) minimisysatn dpymkuionan (13) npu
obmexeHHsx (13) — (15). Takum YHOM onTMMarnbHe 3HavYeHHs dyHKuioHany Gyae
sanexatu Big Touku X :

9(%) = min, J({u h{x}).

Uy k =0
2). 3HanTK onTUManbHe 3HayYeHHs PyHKUioHany

J*= min X
Jmin 9(%)-
Badpikcyemo K i nosnaunmo

B, (X1, )= mln{ZF (X;,U;, 1)+ DX )}=

Uprj=c Jj=
N-1
DR (G t) +D(xy).
=k

dynkuia By (X, ,t,) € epyrkuiero Bennmana ans sapavi (12)-(15).

Llto piBHICTb MOXXHa nepenncaTi HaCTYNHUM YMHOM
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N-1
By (X, ) = Fo(X:,U:’tk) + Z FO(X}C’U’;’t]‘) +(D(X;) (16)
Bpaxosytouu, o e
X1 = F(Xk’u:(xk)1tk)
Ta BUKOPUCTOBYIOUM MPUHLMM ONTUMANLHOCTI, 3 (16) OTPUMYEMO
By (X, t)=F, (X: ' u:’tk) *+ By (Xyar b)) =
Fo (X, U (X i) + Byg (F (X U (%, 1t )ty ) - a7

. * .
Akwo samictb U, (X, ) noctasu iHwe ontumansHe kepysarns U, € Q, (U),
TO NpaBa YacTuHa piBHOCTI (17) Moxe Tinbku 36insWNTUCE. ToMy

B, (X ty) = . gg])ir(]u ){FO(Xk U t) + B (F(X UL t) 6} (18)

CniBBigHoLwweHHs (18) Ha3nBaeTbCca pi3HUYEe8UM pigHAHHSAM bennmvara. Ha noro

OCHOBI ByAyeTbCA anropyMTm po3B’'s3yBaHHA 3agadi (12) — (15).
4. Aneopumm memody duHaMidHO20 ripoepamys8aHHsi Orisi OUCKPEMHUX CUCmeM.

Mpamun xig anropntmy.
Kpok 1. Moknagemo B pieHsiHHs (18) K = N —1 i poss’sxemo 3apavy

BN—l(XN—l’tN—l):
min ){Fo (Xy_1sUngo Ey ) FP(F (X gp Uy _pa Ty )} (19)

Uy_1€Qy 1 (U

Ans ecix Xy € QNfl(X) , 3 AIKUX [OCsDkHA MHOXMHA € (X), 10670, Ana
akmx Xy = F(Xy_ 1 Uy 1, Ty 4) € Qy(X). Ue osHauae, wo mu sHaxomnmo i
3anam’aToBYEMO (DYHKLIO U:,_l (XN—l) , fiIka MiHiMi3ye npaBy YacTUHY pPiBHsIHHSA (19)
ta By (Xy_1,ty_1) 8ns koxHoi Toukm Xy, € Qy 4 (X).

Kpok 2. B piBHsiHHSA (18) noknagemo Kk=N-2i pO3B’sHKEMO 3adady

BN—2 (XN—Z ’tN—Z) =

min ){FO(XN—Z'UN—Z’tN—Z) + By 1 (F(Xy_o0 Unan tyo) )}

Un—2€Qn_o (U
ana Boix Xy, € Qy ,(X), ans akmx pocskHa mHoxuHa Qg (X).
Otpumyemo By, (XN_Z,tN_Z) i onTMManbHe KepyBaHHS u:,_z (Xy_2), K

cyHkuito Big Xy, € Qy_,(X).
Kpok 3. Mponoxyoun aHanoriyHo npolec o04McneHb, NpUxoaMmMo Ao 3agadi

By (%o, t0) =, regir(]u){Fo(Xo’uo’to) + B, (F(Xg, U 1), 1)}
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Ana Beix X, EQO(X) pPO3B’'A3yEMO L0 3agadvy i OTPMMYEMO OMNTMMarbHe

kepysanks Uy (X,), By (Xp,1t,) .
3BOpOTHI XiA MeToay.
Kpok 4. Slkwo X, He € hiKcoBaHMM, TO 3HAXOAUMO X; =arg min B, (X,,t,).
Xp €€ (X)
Akwo x X, € 3agaHum B 3agadi (12) — (15), To X; =Xp -
Kpok 5. 3naxomumo Uy =Ug(Xg). Bani X; = F(X5,Ug,t,), U; =u, (X;).

Ocratouro X, = F(X_,u-,,t.), U =u(x,), i=12,.,N.

5. Awnanis anzopummy. Po3rnsHemo 0cobnuBOCTI anroputMy meToay
AVHaMiYHOro NporpamyBaHHs.

1. Anroputm Moxe ByTu 3acTocoBaHMin Ans 3agadi 3 HeddiKCoBaHMM iHTEpBanom,
y TOMy uucni i Ao 3agadi wswuakogdii. Ons uboro notpibHo OyaysBatu CiTky no

NPOMIXKY [to,tmax] .Toni T mae npuitmaTii BCEMOXNUBI 3HAYEHHS 3 Liel CiTkM.
2. MeTtog OuHaMIYHOrO MporpamyBaHHSA MOMArae y MOCHiAOBHOMY PO3B’A3aHHI
3afjaq npo MiHiMyM Oeskux oyHKUin 3a 3MiHHUMKM U, € Qk (U) npu AOBIMNbHMX

aHauernsx X, € (X)), 3 axux gocskra mroxuna 2y (X)) . Akwo npu usomy
MHOXWHA BKa3aHUX X, € CKiH4YeHHO i ix HebaraTo, To obuncnenHs B, (Xk ,tk)
MOXHa S3AJNCHUTM ANA KOXHOro Takoro X, . fKWo X Takux Tovok Garato aGo
HeckiH4eHHa kinbkicTb, To notpieHo ans K =0,1,...., N —1 Ha mroxurax Q, (U)
BBOAWTU CiTKYy, arnpokcMmyBaTu Qk (U) CKiIHYEHHOIO KIiNbKICTIO By3niB i MNOTIM

o6uncriosatn B, (X, ,t,) B Byanax citku.

3. lpn ymoBi MOBHOI AWCKpeTu3auii, mMeTon Aae abCoMTHUA MiHIMyM 3
BpaxyBaHHsIM 0BMeXeHb.

4. MeTop po3B’a3ye 3agady CUHMe3y ornmumMarsibHO20 Kepy8aHHS.

5. lMpwu 3pocTaHHi po3mipHOCTi BekTopiB X Ta U cyTTeBo 3pocTtae cknagHicTb
0oBunCneHHa anropmMTMy, sika Nonsrae B TOMy, WO 3HAaYHO 3pOCTaloTh 06’emMn nam’'aTi

*
HeobXigHOI ANnsi 3anamM’siToByBaHHS BEKTOPIB Uk(Xk), X, Ha nmpamomy xofi

meTony. Lis obctaBMHa Mae Ha3By “NpoknaTTs po3MipHOCT”.

6. Ha «koxHOMy Kpoui npsiMoro xody MeTody 3anam’siTOBYETbCA nuLle
onTumanbHe KepyBaHHs. Lle 3Ha4yHO €KOHOMWUTb Yac OG4YMCrieHb MOPIBHSHO 3
nepebopom.

Jlimepamypa.

1. bennmaH P. [duHamwnyeckoe nporpammupoBanue:llep ¢ aHr. -M.: U3g-Bo
WMHOCTpaHHou nutepatypsl, 1973. -400 c.

2. bybnuk B.H., Knpuuenko H.®. OcHoBbl Teopuu ynpaenenusi. —K.: Buwa
wkona, 1975. -328 c.
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3. Bacunbe ®.I1. YucneHHble MeToabl peLeHnss aKCTpemMarbHbIX 3agad. -M.:
Hayka, 1980. -520 c.

4. [abacos P., Kupunnosa ®.M. OcHoOBbI AMHAaMMYECKOro NPOrpaMMmnpoBaHMs.
— MuHck: N3g-Bo Benopyc. yH-Ta, 1975. —262 c.

JNIEKUIA 3
PIBHAHHS BENNIMAHA B IHTEMPAJIbHIV TA OUPEPEHLUIANBHIV @OPMAX

1. @yHkuis bennmvana. PosrngHemMo 3agayy ONTUMAanbHOTO  KepyBaHHS:
HeobXigHO MiHiMi3yBaTV dyHKUioHan

!

(u) = [ fo(xu,t)dt +D(X(T)) )
to

Ha po3B’A3Kax CMCTEMM

X _ o) @)

dt - 1 L]

npu o6MexeHHAX

X(t,) = X, U(t) e Q, (U), x(t) e, (X), telt,, T]. ©)

Tyt t,,T € chikcosarumm momentamm, ckansipri dynkuii o (X, U,t), D(X) €
HenepepsHumy, f(X,U,t) € N -BuMipHOIO BeKTOp hyHKLiEID HenepepaHoto 3a X,U
ta i ninwmuesoo 3a X, KepyBaHHS HaneXWTb KNacy KyCKOBO HenepepBHNX
byHKLI Ha BigpiaKy [tO,T].

DyHKUiA

:
B(y,s)= min j f,(x,u,t)dt + D(X(T) }, @)
tefs,T] S

O BMU3HAYEHa Ha PO3B’sA3Kax cuctemu (2) Npu No4aTKOBIN YMOBI X(S) =Y,

HasuBaeTbCca hyHKuicto Bbennmvarna 3apadi (1)-(3). 3a o03HayYeHHsM B(Xo,to)

OOPIBHIOE ONTUManbHOMY 3Ha4YEeHHI0 PyHKLioHany.
2. IHmeepanbHe pisHAHHSI Bennmana. Buxogsaum 3 (4) Ta BnactuBocTen
iHTerpana, oTpMmyemo

B(x,t) = UQ%) _T[ f,(X(7),u(z), 7)dz+ D(X(T)) r =

ret,T] t
]. f, (X (z),u"(z),7)dz + D(X (T)) =

t+At

I fo(x*(r),u*(r),r)dr+ ]. fo(x*(f),u*(r),r)dz'+CD(x*(I')).

t+At
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Tyt At - posinbhe uncro, Take, wo t+At <T, (X (t),u”(t)) - pose’sisok
3agaui (1)-(3). 3rigHo NnpyHUMNY oNTUMarnbHOCTI

T[ f, (X" (2),u"(z),7)dz+D(X (T)) = B(X (L + At),t + At).
Ha posinbHiit napi (X(t),u(t)) mae micue HepisricTs

B(x,t) < ] f,(x(2),u(z), 7)d7 + D(X(L)).

Takmm YnHom
t+At
B(x,t) = min f f,(X(7),u(r), 7)d 7+ B(X(t + At),t + At) ¢ (5)
e L

PiBHAHHA (5) HasuBaeTbCs pigHAHHAM bernnvaHa 6 iHmezparnbHit ¢opmi. 3a
noro ponomorow OyaylTbCA MeToAW, aHanorivyHi  anroputMy AMHaMIYHOro
nporpamyBaHHs AN ANCKPETHUX CUCTEM.

3.Aneopumm  mMemoldy OuHami4yHO20 rpozspamMyeaHHs Ofii  HernepepeHUX
cucmem. ANropuTM CKnagaeTbCcs 3 ABOX YACTUH: MPSMOro XoA4y i 3BOPOTHOIO XoA4y
MeToay. Mpamun xig metody nonsirae y TOMY LLUO Ha YacoBii CiTui Yy HanpsaMKy Bifg

T no to ONS KOXHOI JAonycTUMOi ToukM X po3B’'A3YeTbCH PiBHAHHA (5). Lium
cammMm OydyeTbCs CuHTe3yloda (YHKUIS KepyBaHHA. Ha 3BOpoTHOMY xofi
onTUManbHe KepyBaHHS ,30MpaeTbCca” y HanNpsIMKY Big to po T 3a ponomoroto
cuctemu (2), ymou Kouwi X(to) = Xy 3 BMKOPUCTaHHAM nobyaoBaHoi Ha nepLiomy
eTani anropuTMy CUHTE3Y4OT PYHKLIT KepyBaHHS.

Posi6’emo  Bigpisok [tO,T] citkoo by <t <t, <..<ty =T 3 pesxum
KPOKOM h. nNoswaumo O (X)= Q, (X), Q.U)= Q, ),
1=012,..,N.

Tpsmudi xid memody.
Kpok 1. Ons 6yab-akoro X € QN_l (X) po3B’A3yeMO 3agavy

B(X’thl):uEgTi,n(u) ]fo(x(r),u(r),r)dr+q)(x(T)) ,

X(ty) e Qy(x).



OnNTUManbHWii CUHTE3 CUCTEM KEPYBaHHS 15
dx(t)
dt

onTUManbHy YHKUiIO  KepyBaHHS u*=u *(X,thl) Ta 3anam’siTOBYEMO
B(x,ty,), xeQ, ,(X).
Kpok 2. Po3p’azyemo gna X € QN—Z (X) 3apavy

Tyt = f(x(t),u(t),t), x(t,,)=x, te[ty,,T]. 3Haxoammo

Nl)

B(x,ty.,)= mln {Tf (X(7),u(z),7)d7 + B(x(ty ;). ty 1)}

X(tN—l) EQN—l(X)-
dx(t
e O _ @00, by )=ty 2 b1, Donme
u*=u*(X,ty_,) Tasanamstosyemo B(X,t, ,) anascix X € Q2 ,(X).

MpogoBxXyeMO aHanoriyHo npouenypy obuyucneHb, OOKM He npungemo Ao
HaCTynHoI 3apadi.

Kpok 3. Ana X € Q, (X)) poss'asyemo
B(x,t,) = rgl? )%f fo(x(7),u(z),7)d7 + B(x(tl),tl)}, X(t,) € Q,(X),

%Z F(x()u(t).t), x(to) =x. teft,t]. ©

Akwo nodatkoBa ymosa 3agadi (1)-(3) € dikcosaroro — X(t,) =X,, 10 B (6)
X = X, . 3Haxognmo U*=U*(X,t,) Ta sanawstosyemo B(X,t,) ana koxHoro
XeQ,(X).

3sopommHiti xi0 memody.

Kpok 4. Sikwo Touka X(t,) He € chikcosaHot, TO 3Hax0AMMO

X, =argmin B(x,t,) .

x€Qg (X)
O6uncriroemo U*=U *(XO ,to) , nipctasuBlM X, B 3HaileHy Ha npsiMoMmy
xogi dpyHkuito U *(X,to) . dani, po3B’asytoun 3agayvy Kowwi
dx(t)
dt

BuaHayaemo X*(t,). Migcrasnsemo X*(t;) y u*(X,t) i snaxoaumo

= f(x(t),u",t), x(t,) = X,. t [t,,t,].

u*=u*(x*(t,),t,) . Aani sHosy poss’ssyemo sagauy Kouui
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d’;_it): f(x(),u",t), x(t)=x*(t), telt,t,]

i OTPUMYEMO X*(tz) i T.A. MOKN HEe BU3HAYMMO X*('[N). Takum 4nHOMm,
aHaxoamumo Asi nocnigosHocti X * (t, ), u*=u*(x*(t,),t.), k=012,...,N,
O anpoKCUMYKTb ONTMManbHWA po3B’'a3ok 3agadvi (1)-(3) Ha uvacosin ciTui

t, <t <t,<..<ty=T. Onmuc anroputmy metomy  AuHamiuHoro

nporpamMmyBaHHs 3aKiH4eHo.
4. fuebepeHruianbHe pieHsHHA BennmaHa. Mpunyctumo, Wwo yHKuia bennmana

(4) € andpepenuiriosaroo, f,(X,u,t), d(x), f(X,u,t) e HenepepsHumn 3a
CBOIMM 3MiHHUMU DYHKLisMU. Po3rnsHemo iHTerpansHe piBHAHHA Bennmana (5).
Mpy 3pobneHnx NpUNYyLLEHHSX

oB(x,t)

B(X(t + At),t + At) = B(x,t) + ——-2 At + grad B(x,t)(X(t + At) — )+ 0(At

™
Beaxaemo, wo obmexenns Q. (U), Q,(X) e Henepepsiumn 3a
Xaycoopdom 3a aminHowo 1. 3 (5) i (7) eunnusae

B(x,t) = uergi?J){Tfo(x(r), u(z),z)dz+

reft,T] t

B(x,t)+ aBg:,t) At + grad] B(x, t)(x(t + At) —x)+ o(At)}.
3Biacu, ckopoTMBLLY B(X t) i noginueLLn ocTanHin Bupas Ha Al , otpumyemo
8B(X,t) t+At
T+g%}llﬂj ){ j f,(x(z),u(z), 7)d7 +
X(t + At) — X O(At)}
rad, B(x,t + = 8
grad, B(x,t) At A (®)
BpaxoByemo, Lo X(t+AL) — - dx(t) , 0(At) —0 npu At —>0.
At dt At

MosHaunmo G(t) = j. f,(X(7),u(z),7)d 7. Tak sk

to
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t+At t+At

j f,(x(r),u(z), r)dr—— j f,(x(r),u(z), 7)d7 - j f,(x(r),u(z), 7)d7

1 d
~[Bt+2)-GO]> GO

npu At >0 i %= fo(x,u,t), 1o

t+At
1

I !fo(x(r),u(r),r)dre f,(x,u(t),t), At >0.

TakvM uMHOM, 3 (8) OTPUMAEMO

aB((;:’t)+ mln {grad B(x,t) ()+ fo(x,u,t)}:
X(t)

Tak sk = f(x,u,t), 1
IB(x,t) T

a +qu'(rL {grad B(x,t) f (x,u,t)+ f,(x,u t)} ©))
3 o3HaueHHs QyHKLUii Bennmana sunnueae, wo npu { =T BUKOHYETLCA
B(x,T) =d(x). (10)

PiBHAHHA (9) Ha3uBaeTbCsa pigHSAHHAM bennvaHa e OucbepeHuianbHilt ¢hopmi
Ansi 3agadi ontumansHoro kepysaHHs (1)-(3).

5. PigHaHHs bennmara 0nsi 3adayi Ha weudkoliro. MpunycTumo, Wwo HeobxigHo
nepeBecTy cuctemy

dx(t)

5~ x®.u®) (11)

3 saparoi Toukm X(0) =X, B dikcosane nonoxenns X(T)=X, sa

MiHiManbHO Moxnmeuin Yac | . Mpu uboMy yMoBu (3) MaloTb BUKOHyBaTUCh. Topi
dyHkuis Bennmana B(X) osHauae miHiManbHmit yac AOCSHOCTI TOUKN X, 3 TOuKM

X B cuny cuctemn (11) (MiHiManbHUIA Yac nepexigHoro npouecy). IHTerpanbHe
piBHAHHA BennmaHa gns 3agadi weunakogii Mmae Burnag

B(X) = mln( {At+B(x(t+Ab),u(t))}.

3annwemo andepeHuianbHe piBHAHHA BennmaHa gns 3agadi Ha WBKAKOAI 0.
Buxogsauu 3 piBHsiHHA (9) Ta ymoBu (10), oTpMaemo CniBBigHOLLEHHS

min grad B(x) f(x,u)=-1. (12)

u(t)eQ, (U
Mpwu ubomy yMOBa Ha NpaBoMy KiHLi Mae BUMMSA,
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B(x)=0. (13)
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NEKLISA 4
3ACTOCYBAHHSI METOLY AVHAMIYHOIO NMPOTrPAMYBAHHSA
[10 PO3B’A3YBAHHS 3ALAY OMTUMAIBHOIO KEPYBAHHSA

1. AHanimuyHe KOHCMpYyo8aHHS ONMMmMuMarsnbHo20 peayrnsamopa  MiHilHOI
cucmemu. Po3rnsHemo cuctemy andpepeHuianbHUX piBHAHb

% = A(t)x+Q(t)u (1)
npu yMoBi
X(ty) =X, )

TyT X — N -BumipHui BekTop drasosux koopankat, A(t) — Nx N — matpuus 3

HenepepBHUMK KOMMOHeHTamun, U — [N -BUMIpHWIA BEKTOP KepyBaHHS, Q(t)—

N X M -maTpuuysa 3 HenepepBHUMUN KOMMOHEHTaMU.
3agava npo aHaniTM4YHe KOHCTPYKBAaHHS OMNTMMAarnbHOro perynatopa niHinHoT

cuctemn (1), (2) nonsirae y 3HaxoOXXEHHi KepyBaHHSA U*(t), sike 6 MiHimi3yBano
KBagpaTU4HUA OyHKLioHan

1) = [ (" OGOX(X) +u" DA Jdt +x" (TYHX(T). ®

Tyr G(t),D(t),H e popatHoBMsHaueHi cumeTpuuHi maTpuui, npudomy
G(t), H - matpuui posmiprocti NxN, D(t) — matpuus poamipHocti MXxM |
matpuui G(t), D(t) e nenepepsrummn npu t €[t;,T]. MosHaummo sa B(X,t)
dyHkuito BennmaHa i 3anuwemo ans 3agadi (1)-(3) piBHAHHA bBennmaHa vy
andpepeHuiansHin gopmi

aB(X,t) : T T T

—x + min{grad, B(x,t)(A(t)x+Q(t)u) +[x G(t)x+u D(t)u]}=0

u
, 4
B(x,T)=x"Hx. (5)
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Ona Toro, wob 3HamTM po3B’'sisok 3agadi (4), (5), HeobxigHO po3B’A3aTu
eKkcTpemanbHy 3agady

muin L(x,u,t) (6)

ne  L(x,u,t)=grad] B(x,t)(A{t)x +Q(t)u) + X" G(t)x +u' D(t)u.
3anuiiemMo HeobXifHi YMOBU eKCTpeMyMy

oL(x,u,t) 0
ou

i oTpMMaemo
BT (t)grad, B(x,t) + 2D(t)u =0.
3Bigcu

u, (t) = —% D (t)Q" (t)grad B(x,t). )
MigctaBumo (7) y (4).

BXY | gradTB(x, t)A(t)x——grad B(x)QM)D* ()Q" (t)grad,B(x.)

X"G(t)x + % grad] B(x,t)Q(t)(D'(t))" D(t)D*(t)Q" (t)grad B(x,t) =0

3Boaa4uM NoaibHi 4OOAHKM, OTPMMYEMO CMiBBIAHOLLEHHS

% +grad” B(x, ) A()X + X" G(t)x —

%grade B(x,t)Q(t)D*(1)Q" (t)grad,B(x,t) =0. ®)
®yHkuito BennmaHa 6yaemo wykaty y BUrNsAi kBagpaTtuaHoi oyHKUT

B(x,t) = x" P(t)x, ©9)

ae P(t)— N XN HenepepBHa MaTpuuda, SKy HeobXigHO BM3HauuTW. Togi,
BPaxOBYHOUM, LLIO

B(Y) _ 1 dP(t)
ot

3 (8) oTpumyemo

X' %x +X"PT () A@t)Xx + X" P(t)A(t)Xx + X" G(t)x —

x, grad, B(x,t) = (P(t)+P" (t))x,

%(XT (P(®) +PT())QMD(1Q" ()(P() +P' (1)x) =0.
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3siacy, Bpaxosyioun, wo X' P(t)A(t)x = x" AT (t)PT (t)X, maemo

X [dp(t) PT()A(t) + AT ()P (1) + G(t) -

Z(P(t) +PTM))QMD()Q ()(P(t) + P (1)]x =0 (10)

Jlerko nepeBipUTU HaAcTynHe TBEPAXEHHSA: SKWO Ans Oyab-skoro BekTopa
xeR" CrpaBaXyeTbCA TOTOXHICTb

X'Sx=0

pe S—-nxn - mMaTtpuus, To S=0. 3acTocoByo4M MOro A0 ChiBBIAHOLIEHHS
(10), oTpumyemo

dzst) £PT AR + AT (OPT (1) + G(t) -

%[(P(t) +PT(©))QMD(1)Q" ()(P®) +PT ()] =0. (11)
A 3 ymoBu (5) BunnuBeae

P(T)=H. 12)

TpaHcnoHytoun (11) Ta (12), maemo

M + AT ()P(t) + P(t)A(t) + G(t) —

%[(P(t) +PT(0))QMD(1)Q" ()(P®) +PT ()] =0,
PT(T)=H

MopiBHABLWM ocTaHHi ABa cniBBigHoweHHs 3 (11) Ta (12), nomivaemo, LwWo
matpuui P(t) i pPT (t) sapoBonbHs0TL oaHOMY i ToMy X AuMdepeHLiansHOMY
PIBHSHHIO 3 OAHakoBUMKM ymoeamu Kowi, npudiomy matpuua H e cumeTpuuna.
Takum umrom, P(t) = PT (t). Takum umHom, cniseigHoweHHs (11), (12)
nepenucyoTbCs Y HAacCTyNHin opmi

dZ“) Pt)A(t) + AT (t)P(t) - P()Q()D* ()Q (t)P(t) + G(t) =0
(13)
P(T) = H. -

MaTpuyHe andepeHuianbHe piBHAHHS (13) € pigHsaHHAM Pikammi. 3HanwoBLwmn
3 piBHsiHHA (13), (14) matpuuio P(t) , otpumyemo dyHkuito Bennmana
B(x,t) = X" P(t)x.

Mpwn ubomy 3 (7) 3HaxoaAMMO onTUMarnbHe KepyBaHHS
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u.(t) =-D(OQ" MP®)x, (15)
ke € KepyBaHHsSM 3 oOepHeHMM 3B’sA3koM. BukopucToBylouM BRacTMBOCTI
dyHKUiT BennmaHa, oTpumyemo onTumarnbeHe 3HadYeHHs pyHKuUioHany (3)

I, = 1(u.) = x{ P(t,)X,.

Anzopumm.

Kpok1. Po3s’azyemo mMatpuyHe AaudpepeHuianbHe piBHaHHA (13), (14).
3uaxogumo matpuuo P(t).

Kpok2. Po3B’a3yemo cuctemy avdepeHLianbHux piBHSAHb

dx 1 T
a =[A(t)-Q()D~(MQ (t)P(1)Ix

npu ymosi X(t,) = X,, sika oTpumara npu nigctaHosui (15) B (1). Byayemo
ONTUMarnbHY TPAaEKTOPIO X*(t), onTumaneHe kepyBaHHa (15) i onTumanbHe
3HaAYEHHS KPUTEPItD SAKOCTI

Axwo matpuui A, Q,G , D e nocTiitiumn, H=0, 1a T — +00, 10 cpyHKuia

Bennmana B(X,t) Moxe OyTu BMOpaHa HesanexHow Bif 1. Toni E =0 igns

BU3HaueHHst MaTpui P oTpumaemo anre6paiune pisHsiHHS PikaTTi

PA+A"P-PQD'Q"P =0. (16)
Mpun ubOMy ONTUManbHUIA PErynaTop Mae BUMMAS,
u,(x) =—D"'G"Px. 17)

BiH 3a6e3nevye miHiMym dpyHKUiOHana
I(u) = j (X" (t)Gx(t) +uT (t)Du(t))dt
t

Ha po3B’A3kax cuctemu (1) i aCUMNTOTUYHY CTIAKICTb CUCTEMU KepyBaHHs (1) 3
06epHeHuM 3B’A3koM (17), AKLWO | (u*) <00,

Badava 1. Posp’\izaTu 3agady OMTUMANbHOIO KEepyBaHHA, fIka MNoOnsrae y
MiHiMi3aLii KpUTepito AKOCTI

(u) = [ (@®)x* () + AU ©)dt+ »° (T)

npun ymoBax

%:a(t)Xer(t)u, X(0)=%,, a()>0, A{t)>0. »>0,

te[0,T].
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Tyt a(t), S(t), X(t),u(t) - ckanspHi dpymkuii.
Baldaya 2. MobynyBaTtn dyHKUil0 BennmaHa i 3HanTM onTMManbHe KepyBaHHS
Ans 3ajadvi kepyBaHHs

d?x

e + o’ (t)x =u(t)
dx(0)

X(0) = X, , =X

(0) =%, ot L

3 oyHKLiOHanom

I(u)= T[(oc(t)x2 + B(t)u? +7/(t)(%)2)dt +ox*(T) +5($)2 — min

Tyt X(t),u(t), (), a(t), B{),7(t) - ckanspui dymkuii, a(t) >0,
pt)>0, yt)>0,0>0,6>0.

Badava 3. Po3B’A3aTy 3agavy aHamniTMMHOrO KOHCTPYIOBAHHSA PErynsatopis Ans
cuctemmn

% = A(t)x+Q(t)u+ f(t), x(t,) =X,

3 KpuTepiem akocTi (3), oe f ('[) — HenepepsHa N -BUMipHa BEKTOP-GYHKLIS.

2. Balaya cuHme3y KepysaHHsl, W0 30iliCHIOE onmumarsibHe 3a wWeuoKodien
2aciHHs1 Kymosux weudkocmel MiKpocyrnymHuka. Po3rnsHemMo guHamiyHy cuctemy
BUrnagy

199 e=u (18)
dt

T .
Ae X -—3HaK BEKTOpPHOro [0OYyTKYy, @ = (a)l @, a)3) — BEKTOp KyTOBOI
A T .
LBMAKOCTI MikpocynyTHuka, U :(ul u, u3) — BEKTOp Kepyluux napameTpis,
J=J" - nopaTHoBM3HAueHa MaTpuus PO3MIpHOCTI 3X 3, sika Ha3MBAETbCS
TeH30opoM iHepuii. 3agaya nonsirae B ToMy, WOO MiHimMidyBaTh 4ac nepexoay
MIiKpOCYNYyTHWKa 3 OOBINBHOIO MOMOXEHHS a)(O): W, Ha TepMiHarbHy MHOXUHY,
L0 3a0a€ETbCS HEPIBHICTIO
||Ja)|| <eg. (19)
Po6bnmo 3amiHy 3aMiHHUX P = Jo . Togi cuctema (18) matume Burnag

%:—(le)x p+u.
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Mpu usomy P(0)= Pg: Py = Ja)o, a obwmexeHHs (19) s3BeayTbcs [0
HaCTYMHUX ” p” <g.
Hexan T > 0 - neplumit MOMEHT, AN sIKOro plz(T) + pZZ(T) + p§(T) =&
MosHaummo yHKuito BennmaHa \/ :V(p) :V(pl, P,, p3), aKka BUBUPAETLCS

3anexHoto Tinbku Bif dasosux koopamHat (P, P,, Ps)-
PiBHaHHA BennmaHa Ans gaHoro BUNagky 3anuweTtbes y popmi

HirH1f {— grad'V(p) -(J N p)x p+ grad TV(p)u}: -1, (20)
u|<p

npv oMy

V(p)=0 1)

B MomeHT t =T . Cknapemo dyHkuijto NlarpaHxa

L(u,A) =grad"V(p)u +A(uTu —pz).

Ha ocHoBi HEODXiAHUX YMOB EKCTPEMYMY

o = gradV(p) + 24u =0,
ou

oL _ 1 2
—=Uuu-p° =0,
oA P
OTpMMaEMO (PYHKLiIO KepyBaHHSA y BUrMAi
w__, Oradv(p) -
|lgradv (p))

MinctaHoska (22) B (20) npvBOAUTL A0 CNiBBIAHOLEHHS

- gradV(p)
—grad™V(p)-(J " p)x p— pgrad™V (p) s —=—t = 1.
( ) lgradv (p))

3BiOcCU OTPMMYEMO PIBHSAHHS B YACTUHHUX MOXIOHUX

grad 'V (p) -(J -+ p)x p+ p|gradV(p)|=1. (23)

PosB’sxkeMo piBHAHHA (23), 3HaMWOBLIM yHKLUiO V(p) , Sika 3a00BONbHSE
HacTynHUM ymoBam

grad"V (p)-(3*p)x p=0,
pllgradVv (p)| =1.

MepLue piBHSAHHSA cuctemu (24) MOXHa 3anmcaTv B HACTYMHin opmi

(24)
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ov oV oV

op, Op, Op;
a, a, s |= 0. (25)
P, P, Ps

ne (q1 g, 0, )T =J -1 p- Bubupaemo cdyHkuito Bennmana Tak, wob
gradV(p)=h(p)p- (26)

Tyt h(p) — [efika ckanspHa yHKUiS, fKa nignarae BuM3HaveHH. Topdi
cnieeigHoweHHA (25) 6yne matu micue. lMigctaBnstoun (26) B Apyre PiBHAHHS

1
cuctemm (24), otpumaemo N(P) = —— . Takum unHom
Pl
gradV(p) = P @27)
Pl
3 (27) oTpumyemo
1
V(R =—(lpl+c)
e C- AOBiNbHa crana. BukopucToBytoun yMOBY

P (T)+ p2(T)+ pZ(T) =& 7a cnissigHowenHs (21), sHaxoamo C =—& .
Omxe, pyHkuis BennmaHa mae Burnsag

1
V(D)= Z(lnl-s).
(p) p(llpll ¢) (28)

Bpaxosytoun (22), (27) Ta 3amiHy P = J@ , otpumyemo onTumanbHy yHKLiO
KepyBaHHs
Jow
u*= —pPr—-
Vel

Aneopumm.

(29)

3apaemo & > 0, novatkosi ymosn @(0) = @, .
Kpok 1 . Akwio ||Ja)0|| > &, TO NepexoavMo Ha KiHeLb anroputmy.
_ , 1
Kpok 2. OuiHioemMo 4ac nepexigHoro npouecy | =V(p0) = —(“ p0||—g),
Y2,
Py = Ja,.
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Kpok 3. InTerpyemo cuctemy (18) sa ymosn @(0) =aw,, te [O,T]. Mpu

LUbOMY KepyBaHHA BMOMpaemo 3rigHo (29). TakuM 4YMHOM, OyAyeEMO OnTMMarnbHy
TPaeKTOpIto Ta oNTUMarbHe KepyBaHHS.

Jlimepamypa.

1. bybnuk B.H., Kupnyenko H.®. OcHoBbl Teopumn ynpaeneHus. —K.: Buwa
wkona, 1975. -328 c.

2. BacuneeB ®.[1. YncneHHble MeTOAbl pelleHns akcTpemarnbHbIX 3agad. -M.:
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3. PayweHbax B.B., Tokapp 3.H. YnpaBneHue opuveHTaumen KOCMUYECKNX
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4. TapaweHko @.I, TMuukyp B.B., XapueHko W.N. OntumanbHoe no
ObICTPOAENCTBIIO ralleHne YrIoBbIX CKOPOCTEN KOCMUYECKOrO anmnaparta Ha OCHOBE
MeTofa AMHaMU4ecKoro nporpammupoBaHusi//KnbepeHetvka un BblMCNIUTENBHASA
TexHuka .-2002. —Bbin.134. -C. 51-60.

NEKLYIAA 5 )
[IVOEPEHLIIOBAHHS ®YHKL|I MATPUYHOMO APTYMEHTY

1. O3HayeHHs npoxidHoi ma enacmusocmi ¢pyHKuii cnidy. BBegemo HacTymHi

n
nosnauerHs: R™" — MHoxuHa MaTtpuLb po3MipHocTi MX N, trA= Z a;; —cnig
i=1

1
mMaTpuLi A:(aij )mxn, ||A||= izn:aj i — nopma matpuui A, | e R™ —

i1 j=1

opvHnaHa matpuus, T — sHak TpaHcnoHysas. Gymkuio sugy f i R™" — R
MU Oyaemo HasvBaTu yHKUieto MampuyHor apaymeHmy. Takumu yHKUisMU €

f(A) =trA, f(A)=det A, f(A) =1 (A), f(A)=|A].
f(A)=trexp (A) ne Ay (A) — makcumanbHe BriacHe ducrio, tr exp(A) -

. . mxn
cnin ekcrioneHtw, det A — BusHauHuk maTpuui A:(aij )n - MhoxuHa R™
X
YTBOPIOE MiHINHWI HOPMOBAHUIM NPOCTIP, TOMY MOXHa BBECTWU NOHATTS NOXiAHOI Big
YHKLIT MaTPUYHOIO aprymeHTy.
df (A)

O3HayeHHs. MoxiéHow d—A pyrkuii fIR™™ >R & Touui

of

A= (aij ) Ha3VBaETLCA Mampuusi | ——
mxn 0"7

1 mxn
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MoxHa nokasaTy WO Le O3HAYEHHS EeKBiBarieHTHE O3HAYeHHK MOXigHOT, fK

P, . . mxn o

niHiNHoro npupocty y esknigoBomy npoctopi R, Ae ckanspHuin [oByTok

(AB)=tr(ATB), AeR™", BeR™" . Toro,
T
f(A+H)=f(A)+tr (%) H |+o(H]).

df (A) [ of
dA ﬁaij o

Hexan f(A)=detA, A= (aij )nxn. BMKOPMCTAEMO  CMiBBIAHOLLIEHHS

ne HeR™", [H| >0,

n
det A= ZaikAk, ne A, - anrebpaiyHe fonoBHeHHs enemeHTa &, . Toai 3a
i=1

o3HAMHHAM OTPIMYENO dfdff\) _ (A" )nxn . Akwo matpuus A — Heocobnmea, To
A _ (AT )" det A
dA '

Hwkye MK BMBEOEMO OCHOBHi CniBBigHOWEHHA ANa  AudepeHLitoBaHHSA
dyHKUIR, AKi noB’a3aHi 3i cnigoMm maTtpuui. ToMy npuBeAeMo OCHOBHI BNaCTUBOCTI

dyHKuii cnigy. Hexan Ae R™", Be R™".
Bnacmusicms 1. ||A”2 =tr (AT A).

Bnacmusicms 2. tr (AT B): tr (BAT )
Bnacmusicms 3. tr (AT B) =1r (ABT )

Lli BnactTuBoCTi OBOOATLCSA BUXOAAYM 3 O3HAYEHHS cnigy mMaTpuui. Ak Hacnigok
3 BMacTMBOCTI 3, BUNNMBae

Bracmusicms 4. a'b = tr(abT ) neaeR", beR".

3aldaya 5. [loBecTtn BnactmeocTi 1-4.
2. AugpepeHuitosaHHs ¢pyHKuil 8i0 cnidy.

d
Teopema 1. Skwo Ae R™", Be R™" 10 E '[I’(AT B)= A.
JlogedeHHs. Hexai A= (aij )mxn , B= (bij )mxn ) Mo3HaYMmo

a =(a1i,a2i,...,ami )T, b, Z(bli,b2i,...,bmi )T , 1=12,...,n - sextopw, ski €

CTOBMYMKaMn MaTtpuub A, B signosigHo. Togi BUKOHYETBHCS CMiBBiAHOLUEHHSA
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tl’(ATB)=iaini. 3Bigcv Ans ikcoBaHWMX  iHOEKCIB ie{1,2,...,m},
i-1

. 0
je {1,2,..., n} OTPUMYEMO z tr (AT B): a;; - Teopemy AoseneHo.
ij
Hacnidok 1. Hexan AeR™", BeR™P, CeR™™. Toni

itr(AB(:): ATB".
dB

5 d
Hacnidok 2. Axwo a€ R", De R™, 1o d_D a'Da=aa'.

CnpaBeanuBicTb HacMigKiB BUNNMBAE i3 CRiBBIAHOLLEHb tr(ABC)= tI’(CAB),
tr(a"Da)=a"Da.
Teopema 2. Axwo F:R™" >R G:R™" > R¥P _ uenepepsro

AndbepeHuinosaHi yHKUiT MaTPUYHOro aprymeHTy, To

d d d
L U(FNG(A)= - tr(F(A)X)+ - tr(YG(A)).

d d
npe X=G(A), Y=F(A). Tyr niuﬂtr(F(A)X), atr(\(G(A))

po3ymieMo noxiaHi 3a aprymentom A npu ymosi, wo matpuui X , Y — cikcosaHi.
JlosedeHHs. Hexai A=l\a

FrA)=(L(A) LA ... f,(A)
G(A)=(0,(A 9, (A ... 9,(A). T(A). 6 (A) - sexop ynwi

poamipHocti (, 1 =12,..., p. Togi

< w(FAGA)-

1

ij /mxn’

O et _ [ 45N T s (A)
gij ; fs (A)gs(A)_ ;( @ij gs(A)+ fs (A) @ij }'

i1=12,...m, j=12,..,n. Nosawmo X, =0.(A), Y,="F(A),

S =1,2,..., P . 3 ocTaHHix cniBBiOHOLWWEHb BUNNMBaE



OnNTUManbHWii CUHTE3 CUCTEM KEPYBaHHS 28

0

—tr F(A)G(A) =—» fT(AX +— Y V! g, (A)—

@u ( éau ; @-” ;
tr(F(A)X )+ ;—A tr(YG(A)),

ne X :(Xl X, ... Xp), Y’ =(y1 Y, ... yp). Teopemy
JoBefeHo.

Hacnidok 1. Akwo AeR™", UeR™,

TO%IF(UTAU)= (A" + A

[oseders. Mosnaummo X =UT A, Y =U . Topi sa Teopemoto 2

% tI’(UTAU )z % tl’(XU )-l— % tI’(UTAY). 3a Teopemoio 1
i tI’(XU )= XT=A"U. OcKinbku
du

tr(UTAY )=tr(AYUT )=tr((AY)"U) 1o % tr(UTAY )=AY = AU .

Hacninok noseaeHo.
3adava 6. [Josectn, wo skwo BeR™, UeR™, 1o

d
U tr(UBUT)=U(B" +B).

Hacnidok 2. Sikwo B ymosax Hacniaky 1 Teopemn 2 matpuus AT = A, 1o

9 yuTAu)=2aU.
du

Teopema 3 Hexair (X (S),S) — HenepepsHO AudepeHLiiioBaHa ckanspHa

dyHkuis, X(s) e R™", se RY. Toni

T
d dXx
ds & X ) ds
Teopema 4. Hexain A(S) € R™", B(S) e R™™ — wmarpuui 3 HenepepsHo
andepeHuinosaHnmm kKomnoHeHtamu. Togi

d (dAGs) dB(s)
Etr(A(s)B(s))_t( s B(s)j tr(A(s) s J
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CnpaBegnueicte TeopeM 3 Ta 4 BUNNMBAE 3 BRacTMBOCTEN HeMepepBHO
AndepeHuinoBaHnx YHKUIN Ta dyHKUIT cnigy.

3adaya 7. JoecTtu Teopemu 3, 4.

3. [lpuknadu. Po3rnsgHeMO npuKnaauM 3HaxXOMXKeHHs1 MNOoXigHWX Big OesdKuX
DYHKLIN MaTPUYHOIO aprymeHTy.

Mpuknad 1. T(A) = ||A”2 =tI’(AT A), AeR™" . 3 nacniaky 2 Teopemm 2
df

Bunnueae, wo — = 2A.

3adaya 8. 3HanTu noxigHy Big, f (A) = ”A” .

Mpuknad 2. f(A) =tr(BA*), ABeR™" . 3a teopemoio 2

df d d
— = —1r(XA) +—tr(BAY),
(XA) +tr(BAY)

dA dA
ne X =BA,Y =A.Togi
g_jf XT+(YB) =A'B" + B'A",

SKLLO B=|n,T0£:2AT.
dA

3adaya 9. Mokasatn, wo ans f(A)=tr(BAP), ABeR™ wmae micue

dopmyna

%: BT(AT)p*1+ ATBT(AT)p*Z_'_.“+(AT)P*lBT.

Jlimepamypa.

1. BawHsikoB O.M., lapaweHko .., MMiukyp B.B. lMpakTtuyHa cTinkicTb Ta
CTPYKTYpHa onTumisauis amHamiyHux cuctem. —K.: Kniscbkun yHiBepcuteT. -2000. —
197 c.

JIEKLIA 6
OMTUMANBbHE KEPYBAHHA MATPUYHUM OUNOEPEHUIAIIBHAM
PIBHAHHAM HA OCHOBI MPUHLIAMY OMTUMANBHOCTI BEJNIMAHA

PR . o mxn
1. MocmaHoeka 3adayi i npuHyun onmumansbHocmi. Hexain Y < R -
MHOXMWHa 0OMeXeHb Ha pO3B’A3KM MaTpUYHOro AndyepeHLianbHOro PiBHAHHA

dX (t)
2V (XUt
ot ( ) (1)

i 3agaHa noyaTkoBa ymoBa

X(ty) =X, )
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Tyt X(t) €Y - matpuua pose’askis pisusuHa (1), U(t) €V — matpuus
KepyBaHHs, V c RPY9 _ MHoxuHa obmexeHb Ha MaTpUL0  KepyBaHHS,
F(X ,U ,t) — MaTtpuyHa yHKuia posmipHocTi M XN, gka 3a40BOMbHAE yMoBaM

iCHYBaHHs1 Ta EAMHOCTI po3B’A3ky 3agadi Kouwi, Xo eY - Bigoma MaTpuus.
3agava onTMManbHOrO KepyBaHHs MaTPUYHUM PiBHAHHAM (1) nmonsrae B Tomy,
Wwob 3HaWTM MaTpuul KepyBaHHSA U. =U*(t) eV i BignosigHwii PO3B’'A30K

sapavi (1), (2) X. = X.(t) €Y Taxki, wo minimisyioTs dyHkuioHan
1U) = jf (X,U,t)dt + d(X (T)), @)

ne f,(X, U ,t) - inTerpoBaHa Ha [tO,T] dyHkuis, D(X) - HenepepsHa
dyHkuis. Poss’askom 3agavi (1)-(3) HasBemo napy (U*, X*). Mpunyctumo, wWwo
Taka napa icHye.

PosrnaHemo donomixHy 3adadvy. Hexan SE(’[O,T)— ikcoBaHUN MOMEHT
yacy. HeobxigHo MiHimidyBaTh dyHKUioHan

1,(U) = [ f,(X,U,H)dt+ (X (T)) (4)
npu ymosax

d);t(t) F(X,U,t), (5)
X(s) = X.(s). (6)

Tyr X(t)eY,U@) eV, telsT].
Teopema 1 (npuHyun onmumasasHocm). AKLO (G, )Z ) — PO3B’sI30K AOMOMIXKHOT
sapavi (4)-6), o (U., X..)= (J, )Z) tels,T].
HosenexHa. Big cynpotusHoro. lMpunyctumo, wo (J, )Z);t (U*(t), X*(t)).
Tomi 1,(U.) > |S(J) . MoByayemo kepyBaHHsi
U(t):{U:(t),te[to,s],
U(t),te[s,T1.

Togi BignoBigHa MOMy TpaeKTOpis Mae BUrMsA,

2(0)= X.(t).tlty, ],
| X(@),te[s,T].
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Takum YnHom,

1U) :] f, (X (1),U (1), )dt + D(X (T)) = j f, (X, (1), U, (t),t)dt +

jf (X (£),U (t),t)dt + d(X(T)) < jf (X..(t),U.(t),t)dt +

I, (U.)=1U.).
Mpunwnn go npoTtupivysa. Teopemy goBeaeHo.
2. ®yHruia bennmana i dugbepeHuiansHe pigHsHHS Bennmana. Hexan Z €Y —

aesika matpuud. PyHKUia Buay
T
B(Z,s):ryiy{j fO(X,U,t)dt+CD(X(T))},

LLIO BM3Ha4YeHa Ha pO3B’A3Kax PiBHAHHSA

XO _ g x.u.p
dt
npu ymosax X (S) =7Z,te [S,T] HasuBaeTbCa yHKuicto bennvarHa 3apadi
(1)-(3). Axwo cpymkuia B(X,S) e HenepepsHo andepenuiosaHow 3a X Ta S,
TO Mae Mmicue piBHsHHA Bennmana B gudpepeHuianbHin dopmi

T
0B . JcB

—+min |tri| — | F(X,U,s);+ f,(X,U,s)|=0, 7

PP {[ax} ( )} ol ) ()
B(X,T)=d(X). ®8)
Cnpaegi, npy BUBeAeHHi piBHAHHA BennmaHa npuxoanmo Ao chiBBigHOLLEHHS

min MJJ(XUS) =0 9
Uev ds AN N ©)

_ _ - dB(X,s)
(nekuis 3). Ockinbkn noxigHa T po3rnafgaeTbCa Ha pO3B’A3Kax

piBHSAHHA (1), TO 3a TeopeMoto 3 (nekuisa 5)

dB(X,s) _ 9B(X,8) , . ﬁTF(xu )

ds os

3Bigcuy Bunnueae cnpaseanueicTb (7). CniBeigHoweHHs (8) cnigye 3 03Ha4YeHHs

dyHkuii BennmaHa.
Badaya 10. JosecTu cniBBigHOLWEHHS (9).
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PiBHSHHSA (7) MOXHa 3anucaTn y BUrnagi

@+ min L(B, X,U,s)=0,

0”3 UeVv

ne L(B, X,U,s) = tr{(%) F(X,U,S)}-i- f,(X,U,s).

3. OnmumarbHe KepyeaHHsl TiHIUHUM MampuyHUM Pi8HSIHHAM. 3acTOCyeMO
piBHAHHA Bennmana (7), (8) 0o po3B’A3yBaHHA 3a4adi ONTMManbHOIO KepyBaHHS
NIHINHAM MaTPUYHUM OUdepeHLianbHUM PIBHAHHAM 3 KBagpaTUYHUM KpUTEpiem
AKOCTI. Po3rnsHemo piBHAHHSA BUrMAQY

% — A)X (1) + GO (1), (10)

npe X(t)eR™" - wmarpuus poss'sais pisHsus (10), U (t) e R" -
watpuust  kepysanhs, A(t) e R™™, G(t)eR™ - sigomi wmatpuui s
HenepepBHUMM KomnoHeHTamu, T € [tO,T], X(t,)=X,, X,€R™ - sigoma

maTpuus. HeobxigHo aHaiitn matpuuo U, (t) € R“" | aka Mminimisye dyHKLioHan

T
1U) = [tr{XTQX +UTQU Jdt + tr(X (T)Q, X (T)). (11)

to
vt Q,, Qt) e R™"  _ HeBig'eMHOBM3HAYeHi CUMETPUYHI  MaTpUL,
Q,(t) e R¥* _  ponaThoBusHauena cumetpuuna  matpuus, te[tO,T].

OnTumansy matpunio U, (t) BusHaummo 3 ymosm

0
— L(B, X,U,s) =0, 12
2 ( ) 12)

ae

L(B,X,U,s) = tr{% (AG)X(s)+ G(S)U(S))} +

tr(XT()QS)X(s) +U T (5)Q, (S)U (5)) -
3 Teopemu 1 Ta Hacnigky 1 Teopemu 2 (nekuisa 5) sunnveae
o .| B(X,s) 1, B(X,5)
= t{T (A(S)X(s)+ G(s)U(s))} =G'(s) —x

% tr{XT(5)Q ()X () +UT (5)Q, (S)U(5)}=2Q, (U (5).
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3 (12) oTpumyemMo

U.() = —%Q (5)G" (5) B3

Hexan P(t)eR" — [Jedka HesigoMa AaudepeHuinoBaHa MaTtpuus, SKy

o’B(X s)

noTpiGHO BM3HauMTN. Bubepemo dyHkuito bennmaxa y Burnagi
B(X,s)=tr(X"P(s)X).
Matpuuo P(S) wykaemo 3 pigHsiHis

§+ L(B, X,U.,s)=0, B(X,T) =tr(X"Q,X)
S

oB

Taws = tr(X = (P"(5)+P(s))X , 0

dP(s)X) JB(X,s)
ds X

9B LB, X.U..5)=tr(x” PPE) xy 1
7 ds

u{xT (P(s)+PT (s)(A(S)X -%G(S)Q;GT (s)(P(s)+ P (s))X ﬂ +
tr (X7 (s)Qu(s) X (s)) +

%tr XT(PT(s)+ P(s)) G(5)Q,(s) G™(s) (PT (5) + P(s) )X }=

3Biacu

tr{X {dz(s) +(P(s)+P"(s))AGs)
—%(P(s) +PT(5))G(5)Q1GT (5)(P(s) + PT(5)) +Q,(5) +

1 .
Z(P(s) +P7(5))5(s)Q3G" (s)(P(s) + P" (s))}x}:o. (13)
BukopucTtoByoun BNacTMBOCTI cnigy, Matumemo.

trXPT (S)A(S) X =trXX TP (5)A(S) = trA(s) XX P" (s) = tr(A(s) XX T ] P (s

trXX TAT(s)P(s) =trX T AT (s)P(s) X .

3 cnieBigHowweHHs (13), 3Boas4m NodibHi fogaHku, OTPUMYEMO
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irx {di’é IPE) , p(s)A(s)+ AT (s)P(s) +Q,(s) -

S PO+ P RIS OPE P (9)|x 0

TeepoxenHss 1. Hexan S e R™" i pgns 6yab-sikoi matpuui X € R™"

sukoryetbest trX 'SX =0.Togi S =0.
3adaya 11. JoBecTun TBEpOAXKEHHSA 1.
3 TBEpOXEHHs 1 BUNnmBae

APES) , p(s)A(s) + AT (s)P(s) +Q,(s) -

%(P(s) +PT(s))G(s)QIG™ (5)(P(s) + P (s))=0. (14)
Ockinbku B(X,T) = tr(X'Q,X), 1o

P(M)=Q,. (15)

Axwo matpuus P(S) saposonbhse cnissigHowenHs (14), (15), To P’ (s)

Takox sagosonbhsie (14), (15). Tomy P(S)= P'(S). Takum umHom, 3 (14)
BUNNMBAE

PO, p)AS)+ATGP(s) +Qu(5)-

P(s)G(s)Q,G" (s)P(s) =0. (16)

Mpn upomy mae wmicue ymoBa Kowi (15). CnieeigHoweHHs (16) €
AvdepeHuianbHum piBHAHHAM PikkaTti. Togi onTumanbHe kepyBaHHS 064MCIOETHCA
3a hopmynoto

-1 T

U.(t)=-Q, (1)G (t)P(t)X.

Anzopumm.

Kpox1. Poss’saisyemo 3agavy (15), (16). 3Haxoaumo matpuuo P(t).

Kpok2. Po3s’asyemo cuctemy andepeHuianbHUX piBHSHb

d);t(t) (AD -G Q' MG MP®)X

npu ymosi X (t;) = X, i swaxogumo X.(t). Toai ontumansHe kepysaHHs
U.(t) = —Q;*(1)GT (t)P(t) X.(t) i ontumansHe sHaueHHs kpuepito sikocTi
I, =trXJ P(t,) X,.

4. OnmumarnbHe KepyeaHHsI MampuyHUM pigHsIHHAM JlsmyHoea. PosrnaHemo
MaTpuuHe andepeHuianbHe piBHAHHSA Tuny JlanyHoBa
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d);t(t)‘ =(D(t) + H®U (t))X (1) + X @)(DE®) + HEOU ) +R(t)

17)
3 MOYATKOBOK YMOBOIO

X(ty) = X,. (18)
Tyt X (t) € R™" - marpuus poss'sakis pisHsnks (17), U (t) € R — marpuus
kepysanhs, X, €R™" - sigoma cumerpuuna wmatpuus, D(t) e R™",
H(t) e R™, R(t) € R™ - sigomi matpuui 3 HenepepBHUMYU KOMMOHEHTaMM,

R(t)ZRT(t), '[e[to,T]. Posg’siskn  3agavi (17), (18) € CUMETPUYHUMM
MaTPULISIMK.

. . k -
3apava nonsrae y BU3Ha4YeHi MatpuLi kepyBaHHSA U*(t) e R®", ska MiHiMi3ye
dyHKUioHan

T

1(U) = o[ tr(UXUT)dt +tr(STX (T)S ). (19)
to

Tyt 1 >0 — peskuit napavetp, S € R™ - sigoma matpuus. MosHaummo

B’ (X,9)

L(B,X,U,s):t{ x

(D(s) + H(s)U (8))X (s) + X (s)(D(s) + H(s)U(s))" +R(s) }

wr(U(s)X (U (5)).
OntumarbHe  KepyBaHHs! U.(s) e R*" Wykaemo 3 yMOBM

i L(B, X,U,s) = 0. Ockinbku
AJ

o . B"(X,s) _ YT () BX.9)

wtrT(D(SH H(s)U(s))X(s) = H' (s) x
XT(s),

o BT(X,s) T_ T BUX.S)

%tr— X(s)(D(s)+ H(s)U(s)) = HT (s) X

XT(s),
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a% tr{U )X (S)UT(5))=U(s)(X(s) + X (5))
i matpuus X (S) € cumetpuuna, To

O L(B.X,U,8)=HT(s) [éB(X‘S)+ B'(X,9)
U X X

J X(s)
+21U(S) X(s).

3Biacu 3HaxogmMmo
U.(s)= — = HT (s){OB(x’s) & (X’S)j.
24 X X
Bubupaemo cyHkuito Bennmara y surmsaai B(X,S) = trQ" ()X +tr¥(s),
ne Q(s) e R™, W(s)e R™ - pesi wesimomi maTpuui, siki HeobXigHO
AB(X,s) B (X,s)
T X

suaraunti, (S) = Q' (S) . Ockinbkm =Q(s), 1o

U.(s) = — L HT ()(s) .
7

Matpuui Q(S), W(S) 6yaemo BusHauaTy 3 piBHSHHS
@+ L(B, X,U.,s) =0,
s

FgKe Mae Burmaa

T
tr d2 (s) X +1tr d¥(s) +
ds ds

trQ)(s)

[(D(s) 1 H(S)H' (s)Q(s)]X +X (D(s) 1 H(s)H' (S)Q(S)J + R(s)}
7 7

L r(HT (s)0(s) X8 H (5))=0. 20)
U

MpoBeaemMo HacTynHi NepeTBOPEHHS:
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trQx(s) X[D<s) ~LHEHT (s)Q(s)j -
7

tr(D(s) 1 H(s)H' (s)Q(s)J Q(s) X,
Y7,

tr(H™ (5)Q(s)XQ(s)H (s)) = tr(Q(s)H (s)H T (s)(s) X ).
3 (20) oTpumyemo

tr(d )} oxs) (D(S) NENTTSTN (s)Q(s)J +
ds 7,

[D(s) ESTyAY (S)Q(s)j Q(s) +
7

L Q@s)H(s)HT (5)x(s) jx +tr(d\E§S) +Q(s)H(s)j
U

Mpu usomy B(X,T) =tr(Q" (T)X +¥(T)) =tr(S"X(T)S). Taxum

qnHom, ans suaHaderHs 2(S), W(S) otpumyemo agi sapavi Kowi

dex(s) + Q(s)D(s) + DT (s)Q(s) — EQ(s)H (S)HT (s)Q(s) +

Y7,
L Q(S)H(s)H " (s)Q(s) =0, (21)
U
Q(M)=S'S, (22)
d\P(S) +Q(s)H(s) =0, (23)
Y(T)=0, (24)
ge Se [to ,T].
Arneopumm.

Kpox1. Poss’saizyemo (21)-(24) i sraxoammo matpuui Q(t), W(t).
Kpok2. Po3s’asyemo cuctemy andepeHuianbHUX piBHSHb

ax(® (D(t)——H(t)H (t)Q(t)jX(t)+ X(t)(D(t)——H(t)H (t)Q(t)]
dt H H
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npu ymosi X (to) = Xo i BU3Ha4Yaemo X*(t) . Toai oBumncnioemo ontumansHe
KepyBaHHs

U.(t) = -2 HT ()
7

i oNTUMarnbHe 3Ha4YeHHS KPUTEPIto AKOCTI

I, =trQT (t,) X, +tre(t,).

Jlimepamypa.

1. BawHsikoB O.M., lapaweHnko @.., Tiukyp B.B. lNpakTtuyHa cTinkicTe Ta
CTPYKTYpHa onTumisauis avHamiyHux cuctem. —K.: Kniscbkun yHiBepcuteT. -2000. —
197 c.

MOCHNIAOBHWA AHANI3 BAPIAHTIB

1. 3eedeHHs 3adaui onmumasibHO20 KepygaHHsi 00 3adayi HesiHilIHo20
npoepamMyeaHH=. PoarnaHemo 3agadvy ontuMmanbHOro KepyBaHHA, dKa nondrae y
MiHimi3auii dyHKLUioHany

:

umm=jguynm )
ty

npun ymoBax

dx

— = f(x,u,t), 2

ot (x,u,t) @

X(t,) =X, 3)

Tyt f,(X,u,t) e Henepepera cpynkuin, f(X,uU,t) — N -sumipHa BekTop-
yHKuUia, HenepepsHa 3a X,U,t, X — N -BumipHui BekTOp (hasoBmx KoopavHaT 3
¢a3oBoro npocTopy X c Rn, U — I -BumipHuin BekTtop hasoBMX KoopauHaT 3

npoctopy kepysaHb U < R" . Mpunycrumo, wo 3apaHi takok obmexeHHs

X(t) e Q,(X), u(t) e, U), 4)
ne Q. (X)X, QU)cU, te[t,, T]. B npocropi (X,t) nposeaemo
rinepnnowmin - t=t,+i7, 1=12,..,N, 7>0 - «kpok inTerpyBaHHs,

T =t,+Nz. Npunyctumo Takox, wo Ha npomixky (t, +17,t, +(1+1)7)

KepYyBaHHA NpuiiMae MocTinHi 3HadeHHs U; . Toai dyHKuioHan (1) MoxHa 3amiHnTL
iHTerpanbHOK CyMOI
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I(xi,ui)zriFi(xi,ui). (5)

a cniBBigHOLEHHS (2), (3) — pi3HMLEBOKO CXeMO0

Xiyp =X +7f (X, u;) . (6)
Mpu ubomy

X, €Q,(X), u,e;U),i=12,...,N, (7)
Ae Qi(x):Qtom(X): V) :Qto+ir(U)’

f06,u) = (Ut +i7), F(x,u) = fo(X, Uty +17) . Takum umrom,
oTpumanu 3agady HemniHinHOro NporpamyBaHHs. AKLWO BpaxyBaTy, LWo
X =Xy +sz(X0,U0) = CDl(uO) ,
X, =D, (Up) +7f, (X, uy) = D, (Ug, Uy)

X, =D, (Uy,..., U 4)
TO doyHkUioHan (5) MoXHa nepenucaTn y BUrnsagi

N-1
I =>"1,(Ug,Uy,emnsUy), 8)
i=0

ne I, (Uy, Uy, 0) =7 (D, (Ug e, Uy ) 1)

Takum 4mHOM, 3apaya (1) — (4) 3BegeHa Ao 3apavi MiHiMi3auii dyHkuii (8) Bia
CKiHYEHOI KinbKOCTi 3MiHHMX. Cnig 3ayBaxuTy, WO dyHKUia (8) Bonoaie BaxnmnBok

ocoGnusicTio: dyHkuis | € cymoto ckinueroi kinbkocTi dyrkuiin 1, npu usomy |,
3anexuTb TiNbKX Big (UO e U ) TO6TO Big nepLmnx (i +1) HeBIJOMUX.

2. EnemenmapHa ornepauisi. Po3rnaHemo a3oBy TpaekTopilo ) cuctemun (2)
npu OeskoMy KepyBaHHi. lMosHauMMo uepes X; TOYKM, B AKUX ¥ MepeTuHae
nnowmny t=t,+i7. Beememo onepatop B(X;,X.,), fkuii napi Touok
(Xi ) XM) CTaBWTb Yy BiANOBIAHICTb KepyBaHHSA Ui , L0 nepeBoauTb cuctemy (2) i3
crany X(t, +17) =X, B Touky X(t, +(I1+1)7)=X,,,, a Takox TpaexTopito
Vi WO 3'eAHye ToukN X; i X;,, - Takum 4nHom

(u; !7i,i+1) =B(X,X,1)

OnepaTtop B(Xi ' X +1) HasuBalTb  eslemMeHmapHor  onepauiero.  Topi
dyHkuioHan (1) mae Burnag
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N-1tia N-1
I(x,u) = Z _[ fo (70, Ui, t)dt = Z(Pi (X; Xi31) ©)
i-0 ¢ i-0

ti+l
ne @ (X, X%,)= I fo(7iia (),U;,1)dt — dymkuisi, wo eusHavena 3a

¢
OOMOMOroK eflieMeHTapHMX onepauin. TakuMm YMHOM, 32 JONOMOrOK eflieMeHTapHOT
onepadii 6ynyeTbcs anpokcumallisa a3oBoi TPAeKkTopii ¥ AeAKol namaHoo, Lo

cknajaetbes 3 Ayr V., (puc.1).

Puc. 1

Penykuisa 3apavi (1) — (4) o 3apgadi (5) — (7) pocwTb TpuBianbHa, TOAi K
penykuis 3a [JOMOMOrol eneMeHTapHOI onepaudii gocutb cknagHa. Lo ix
PO3B‘si3aHHA MOXYTb 3aCTOCOBYBATMCh METOAM TUMNY FPadiEHTHOrO CrycKy.

3. AdumuseHi 3adayi HeniHiliHo20 npozpamysaHHsl. AOWUTUBHOK (YHKLUIED

BEKTOPIB Xg, X{,..+y Xy Oynemo HasmBaTu yHKLiHO, L0 Mae BUMMNAS

N-1
f(Xolxl""'XN)zzfi(xi7xi+1) (10)
i=0
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Xa

x

i+1

<

X

>a.__. -.

Puc. 2
3apgaya HeniHiNHOro NporpamyBaHHSA Ha3MBaeTbCA aduMUBHOH0, KO MOBa Mae
Npo 3HAaxXOOXKEHHsI EKCTpeMyMy aguTMBHOI pyHKUIT npu oOOMeXeHHsX Burnagy

X, €G, < R"
AOWNTMBHI 3adadi MalTb NPOCTUIA reoMeTpuyHUIA 3MicT. MNMobyayemo B npocTopi
(x,t) rinepnnowmnmn t; =t, +i7,1=01,...,N, sk nosHauwmo X,. 3apamo

nocnigoBHicTb BekTopiB X0, X1,..., XN, Y SKOCTi JOBXWHM Bigpi3ka, WO 3‘€aHye
Toukn  Xi 1@  Xixa  npuivemo aHauewns (X, X.,;). Toai dyHkuis
f()_(o,...,)_(N), wo obumcneHa 3a gonomorot (10) BM3HAYaE OOBXMHY NamaHoi,

L0 NPOXOANTL Yepe3 Toukn Xg, X ,..., Xy (pnc.2).
AOVTVBHa 3ajada HeniHiMHoOro nporpamyBaHHs Moxe OyTu cdopmynboBaHa
HaCTYNMHMM YMHOM: Cepes BCiX JOMYCTUMMX NMamMaHuX, WO 3‘€4HYI0Tb MMAOLUMHN 20

i 2
afMTUBHOI 3aJayeld MaTeMaTUYHOrO MPOorpamMyBaHHSA Ta 3aJayveld onTMMarnbHOro
KEpPYBaHHSI.

4. Aneopumm KuigCcbKkuli 8iHUK”. Lle opuH i3 OCHOBHUX anropuTMmiB, LWO
3aCTOCOBYIOTbCA ANl PO3B'si3aHHS  aAUTMBHMX  3ajad  MaTeMaTUYHOrO
nporpamyBaHHsi. Lle € 6araToKpoKOBMI NpOLEC, Ha KOXHOMY KpoOLi $KOro

BinOyBaeTbCA ,BiOMITAHHSA” OEAKOT MHOXMWHM BapiaHTiB, Npo siky B npoueci po6oTtu
anropuTMy CTae BiJOMO, L0 BOHa HE MICTUTb ONTUMAanbHOro BapiaHTa.

3HaNTU Ty, OOBXWHA SKOI € HanmeHwot. 3 (9) BMNNMBaE 3B‘A30K MiX

Hexain X; € X, . MoaHaunmo |(X1) =min fl(XO,Xl) — BiAcTaHb Big Toukn X
Xo€Gy

o 20

v
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W |
DO i
a, i
DN DN DY
Pwnc. 3
Ockinbku
) N-1
)':mg F (%o Xy Xy ) = 1(X) +Z fi (X X0
0S50 i1

TO nMamaHi, WO He MICTATb BiApi30K (ao,xl), He MOXYTb MpeTeHAyBaTW Ha
PO3B‘A30K i iX NOTPIOHO ,BiAMeCcTN”. MHOXMHY ,BioMETEHNX” NamMaHuX Ha HyrNbOBOMY
Kpoui nosHaummo S, (Ha puc. 3 ue € (bO,Xl) ). PoarnsiHemo Touky X, €2, .

MosHaummo Tenep yepes |(X,) AoBxmHy HaitBinbL KOPOTKOI NamMaHoi, Wo 3'eAHye
X, 3 2,

I(Xz) = Qier}(l(xl) + fl(Xl’ Xz)) .

MHoxwvHa BapiaHTiB Sl, SKYy MW BiMITaEMO Ha LibOMY KPOLi, CKNnaaaeTbCs 3 yCix
nlaMaHux, €Ki He MICTATb JlaMaHoi [AO0BXWUHU |(X2). Ha puc. 3 namaHa
(ao,xl,xz) Mae JOBXUHY |(X2).

Hexait Tenep koxHy Touky X; €X; Mu 3‘eqHanu 3 X, NaMaHOK HaMEHLLOT
[OBXWUHU |(Xi). Topai AoBXMHA HAWKOPOTLUOI flamMaHoi, WO 3‘€QHYE TOUKY Xi+l 3
Zo BU3HAYaETbCs 32 POPMYIO

1(Xi,1) = rI"Gn UCOERACR ) 11)
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Bci BapiaHTn Si , WO He MICTATb NlamMaHoi JO0BXUHU |(Xi+1) BigMmiTatoTbCcHa. Ha

OCTaHHbOMY Kpoui 3rigHo (11) Mu 3Haxogumo |(XN) i noTiM po3B‘A3yeMo 3agadvy
MiHimi3auii

I'=min I(xy)

XN €Gy

Ha ubomy npouenypa po3B‘sa3yBaHHs 3adadi 3aBepLUyETHCS.

,KniBCbKMIA BIHWK® [003BONSIE 3HAXOAMTW rnobanbHU ekcTpemyMm. 3HaraeHa
onTMmarnbHa TPaeKTopis Mae BaXnuBy BNacTUBICTb — Oyab-sKui ii Bigpi3ok € 3HOBY
onTUManbHO TpaekTopielo. Lle o3Havae, WO 4acTuHa TpaekTopil, Wo 3‘€dHye

[JOBINbHI OBi TOYKN Xi Ta Xk € NnamaHolo, Wo cepep BCiX AONYCTUMUX NamMaHux,

LLIO 3‘€QHYIOTb TOYKM Xi Ta Xk , Ma€e HanMeHLUY AOBXUHY (MPUHLMN ONTUMarnbHOCTI
BennmaHa).
[ns peani3auii anroputmy HeobxigHO ccopMyBaTu B NpocTopi (X, t) CiTKy:

t, =t,+i7,ina X, nobyaysamn ciTky 3a amiHHol X 3 kpokom AX . Byson ciTku
nosHaunmo P, (1), ae | sianosinae Homepy rinepnnowmHn X;, K — Homepy

By3na Ha X; 3a 3MiHHOW0 X .

Takum 4MHOM MW 3‘€QHYEMO KOXHI OBa By3na, WO NnexaTb B CYMiCHUX
rinepnnowmHax, i ob4mcnioemo AOBXMHY 3rigHO (12). MHOXuHa namaHux, LWwo

3‘€AHYIOTb BY3NM Ha [iNeproLmHi Zo 3 By3namu Ha rineprnioLwmHi ZN i
MPOXOASTL YePes By3NN Ha MNEPMIOWNHAX Xy, 2y ...y 2y » € AUCKPETHOIO.
MosHaummo A; € Z; — mHoxuna syanis P, (1) , wo nexats B o6nacti G; .

MHoxuHa A; HasWBaETLCS WKAIOH.
Arneopumm.
Kpok 1. inst Beix X; € A; poss‘asyemo 3agady

I(Xl) = )Tei{: fl(XO’Xl) = fl(X;(Xl)’ Xl)'

*
Banam'stoByemo namary (Xo(X,),X;) ans koxHoi Toukn X, Ta sHaueHHs

1(x).

Kpok 2. inst Beix X, € A, poss‘ssyemo 3apavy
106) =min{l (%) + £, %)} =104 () + 0% (%), %,) .
15521
3anam'stosyemo namary (X (X1 (X,)), X (X,), X, ) i aravenns 1(X,) iT.

4., MOKN He NpmMbyaemMo 4O MHOXWUHU AN .
Kpok 3. Po3B‘azyemo 3agavy
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I(XN): min {I(XN—1)+fN—l(XN—11XN)}

XN-1€AN-1
= I(X;—l) + fN—l(X:l—l’ Xn). Xy €Ay
3anam‘aToByEMO BIAMOBIAHY NamaHy, WO 3‘edHye X, 3 X;_l(XN) Ta
X,:fz (XNfl) i T. 0. OcTaHHA TOYKa NamaHoi NeXxuTb B AO . Kpim TOro, gikcyemo
1(Xy), Xy €Ay -
Kpok 4. 3Haxognmo X; SIK PO3B‘A30K 3afaui
=106,) = min 1(x,)
BiaTBoptoemo onTumansHy namaHy
X:l—l = XN—l(X;)’ X}Lz = X2 (X:l—l)' e X; =Xo (X;)

Kpok 5. Buxig 3 anroputmy
Pesynbmam. OnTumanbHe 3Ha4YeHHs I (pyHKUiOHasy Ta nocnifoBHicTb X,

LLIO BU3HAYaE ONTMMarnbHy namaHy.
Peanizauia anroputmy ,KuiBCbkuiA BiHWK® noTpebye 3HayHWMX 3aTpaT

onepaTMBHOI Nam‘ATi Ta Yacy o64McreHb.
5. Cxema Moiceesa. PosrnaHemo 3apjadvy onTuManbHOro kepysaHHsa (1) — (4).

Posi6'emo Bsigpisok [ty,T] citkowo t, <t <...<t, , <ty =T. Ha mHoxuHi
Q; =Q, (X) sissmemo pesiky AvckpetHy citky Touok X; €€ i wo ciTky
6ynemo Hasuatu wkanmoo H,. Wkarm H, ta H,,, nasusatotbcs cycidHimu.

Poarnsivemo ans gesikux X € H;, ¥ € H,,, nonomixxy sapauy

ti+1
J.(x,y,u) = Ifo(x,u,t)dt—>min (12)
5
npu yMOBi, Lo
%= foout), telt,t, ] xt) =x. x(t.,) =Y. (13)
Xt) e, (X), ut)=QQ, V), telt,t,]. (14)
3apava (1) — (4) € enemeHmapHoto onepaduiero. No3HauMmo yvepes Ai (X, y)
MHOXWUHY KepyBaHb, wo 3a10BOMbHATb ymoBam (13), (14),
M. (x,y)= min J(X,y,u).

ueA;(x,y)
Takum YnHOM, OTPUMYEMO GOYHKLIIOHan

N-1
f (X X Xy ) = D0 M (X, X, 1) + D (X ) = min, (15)
i=0
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ne X, €H,, X

3apaui (15) 3acTtocoByeTbCA METOS, ,,KUIBCbKUI BiHUK”.
3adava 12. lNMobygoyBaT Ha OCHOBI anropuTMy ,KMIBCbKUWA BIiHUK MeTOA
po3B‘A3yBaHHs 3agadvi (1) — (4) 3 enemeHTapHoto onepadieto (12) — (14).

eH, ., Xy eHy, 1=01...,N —1. ina poss'asysarHs

i+1 i
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Y3ATANBHEHWIA MPUHLWMN BENSIMAHA

1. OcHosHi nomnoxeHHs. Sk Gyno nokaszaHo B NpuvKNagi nekuii 2, He onsa BCiX
3aga4y ONTMMarnbHOrO KepyBaHHA Mae Micue MpuHUMN onTumanbHocTi bennmana.
AHani3 gosegeHHs NpUHUMNY ONTUMAanbHOCTI NoKasye, WO BaXnuBY ponb Bigirpae
BWNA, KpUTeEpito sKoCTi. A came, KpuUTepin skocTi B 3agadi bonbua € agutuBHUA 3a
MHOXWHOI BU3HA4YeHoCTi. Lle no3Bonsie NnoctaBuTy OOMOMIKHY 3agadvy Ha BYXYin
MHOXWHI. Bua andepeHuianbHoro 38’s3Ky He € MPUHLMNOBMM, TOMIOBHE, LWO6 Ans
KOXXHOrO AOMyCTMMOrO KepyBaHHA iCHyBaB po3B’A30K 3agadvi Kowi. Ane B
AONOMIXKHIV 3agadi noyaTkoBa ymoBa (PIKCYETbCS HA ONTUMarnbHI TpaekTopil i ue €
NMPUHLUMNOBUA MOMEHT, SIKMA AEMOHCTPYE Mpupoay po3B’AskiB AndepeHuianbHUX
PiBHSIHb, @ came — He AONyCKaeTbCs po3puBy ha3oBOi TpaekTopii Ana 3agauvi
Bonbua 3 nekuii 2.

BkasaHi 3akoHOMIpHOCTI nexaTb B OCHOBI y3aranbHeHoro npuHumny bennmana.
BiH nonsirae B TOoMy, WO6 nokasaTW, WO aHanor nPUHUWUNY ONTMMAaIbHOCTI
BUKOHYETbCH ANS AOCUTbL LUMPOKOrO Kracy 3agadv onTuMmisauii aguTuBHOI dyHKLUIT
MHOXWH i, BUXOASYM 3 y3aranbHeHoro npuHumny bennmaHa, MoxHa [oBecTu
NPUHLMN ONTUMAINbHOCTI ANS Pi3HMUX KraciB oNTMMi3auiiHMX 3agay.

Hexan X — ocHosHul npocTip. Lle o03Havae, WO BCi MHOXWHW, SKi
posrnafalTees, HanexaTts npoctopy X . Tlin knacom MHOXUH Mu Gyaemo
PO3YMITN CYKYMHICTb MHOXMWH 3 OCHOBHOIO NPOCTOPY. @YHKUiE0 MHOXUH Ha3nBalTb

dYHKUil0, WO BW3HaYeHa Ha Knaci MHOXWH, 3Ha4YeHHA 4HKOI HanexaTtb Rl.
Baxnverumu npuknagamu dyHKUiT MHOXWH € Mipa Jlebera, dyHKUis WMOBIPHOCTI.

2. Y3azanbHeHull nApuHyUn onmumarnbHocmi. Po3rnaHemo Tpwu 3agadi
onTuMmiI3auii yHKUIT MHOXWUH. [INg KOXHOI 3 uux 3agay NpUHUMN ONTUMAanbHOCTI
Oyne matu cBii BUrnsa.

3adava 1. Hexain T = {E Ec X }— HenopOoXHIit Knac MHOXWH. Mobyayemo
knac ‘R, AnNs AKOro BUKOHYIOTECA HACTYMHI YMOBM:
1) knac R mictute T iHe cniBnagae3 T , 10610 RO T ;

F R (ymosa cnaakosocTi);
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3)skwo EcRraFeR 10 EUFeR, E/F €R (ymosa kinbus).
BuaHaummo Ha knaci R obMexeHy HeBia'eMHY tyHKLi0 MHOXMH M R Rl

Taky, Wo:

1) @ NOPOXHi MHOXMHI (OYHKLIA LI piBHA HYmIO: /J(@)= 0;

2) ans 6yge-skux mHoxud E i F 3 knacy M takmx, wo ENF =
BMKOHYEThCS

H(EUF)=wu(E)+ u(F)
(ymoBa aguTMBHOCTI).
3adava onmumisauii yHKUii MHOXUH [I Ha KNaci R nonsrae B ToMYy, W06

3HaiiTn mHoxuHy A™ Taky, Wwo

max /()= u(A*).

Mobyayemo knac 3 =°R/T . Hexait I — HenopoxHiit knac. PoarnsHemo

doromixHy 3adady: 3HauTM MHoxwHy B* Taky, wo maX,u(E)zlu(B*).
Ee3

MpUnycTUMO, Lo ,u(A*) >0, ,u(B*) >0.
Teopema 1 (MHOXUHHUU APUHYUM ONMUMaribHOCMi). 3 TOYHICTIO 4O MHOXWH, Ha
aKkux hyHKUiS LI piBHa HYNIO, Mae Micue cnissigHowenHs B* < A*.

[osederHs. Hexainn ymosa B* — A™ e sukonyetsea. Akuo B*MA* =,
ToAi 3 BMAcTUBOCTEN (PyHKUii LI BUNNMBAE, LLO BUKOHYETLCA

H(A*UB*)= u(A*)+ u(B*)> u(B*).

Tak sk A*UB* € R, 1o oTpumanu npotupivua tomy, wo mHoxuHa A* —
pO3B’A30K 3apadi onTuMizauii yHkuii 4 Ha knaci R. Omke, B*mA*= .
Toni muoxuna H =B*/ A* ¢ muoxuHow, ans sikoi ,u(H)=0. Cnpasgi, 3
Toro, wo B*e€R i 3 ymosn kinbust cnigye, wo HeR i A*UH eR.
Ockinekn A*MH =, 10 3 enactmsocTelt cyHkuii 4/ BuNnMBaEe, wWo
,u(A*uH ): ,u(A*)+ ,u(H )2 y(A*). Ane mHoxuHa A™ — poss’sizok sanaui
ontumisauii yHkuii 4 Ha knaci R . Tomy ,u(A*uH):lu(A*). A ue mae
micue, Konw ,u(H)=0. To6to B* < A* 3 TouHicTiO OO MHOXMHM, Ha siKilt
dyHKUia L nopiBHIOE Hynto. Teopemy JoBeaeHO.

Hacnidok. Akwo ( — obmexeHa Mipa Ha KinbLi R, 1o ans Hel BUKOHYETLCA

MHOXWHHUA  MPUHUMMN  ONTMMAanbHOCTI.  30Kpema,  MHOXWHHUIA  NPUHUMMN
ONTMMAanbHOCTI BUKOHYETBCS AN NMOBIPHICHOI Mipu.

3adava 2. Hexait A — nesika HENnopoXHS MHOXMHA, S :{C Cc A} -

ikcoBaHuit knac MHoxuH Takuit, wo skwo PeS, QeS, 1o PuQeS,
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P/QeS. Bushaunmo pana koxHoro C €S HenopoxHiii knac MHOXWH

iR(C): {E Ec X} ocHosHoro npoctopy X . [ns 6yae-akoi mHoxuan C € S
BM3HAYMMO Knac

B, ={L:L=CxB,Be%R(C)},
Ae X — 3HaKk gekapTtoBoro AolyTky. 3 AOMOMOrok CyKymnHOCTI Knacis BC,
C €S susnaunmo knac I, Takuit, wo:
1) ans posinbHoi MHoxui C € S Bukonyetses I, D B ;
2) ans Gyab-sknx mHoxud C €S, F €S i posinbhnx mHoxun L € B,
M e B sukonyetrses LUM € 3, (ymosa agutvsHocri).
3 osHaueHHs knacy 3, BUNAMBaE, Wo AosinbHy MHOXMHy L€ 3, moxHa
n
nogatu y Burnsgi L:UCi xE;, ne C, €S, C Q_Cj =0, E EER(C),
i-1
I, J=12...,n, N - gesike HaTypanbHe Yncro.

BusHaunmo Ha knaci SA obmexeHy (PYHKLiI0 MHOXMWH O'ZSA —> R Taky,
LLo:
1) Ha NOPOXHIN MHOXWHI O'(@)= 0;

2) skwo mHoxum L i M hnanexats knacy I, i LM =, 1o
o(LUM)=0(L)+a(M).

3agava onTumisauii OyHKUIT MHOXMH O Ha Knaci SA nongarae B Tomy, o6
3HaiiT mHoxuny G * Taky, wo

min o (E)= o (G*).

Ec3,

3acikcyemo MHoxuHy B € S . Posrnsmemo knac S = {C NB:Ce S} i 3a
foro [onomoroto nobyayemo knac Jg aHaroriyHo knacy 3 , . [lonomixHa 3anava

nonsirae B Tomy, o6 sHaitT MHoxuHy H * Taky, wo Enlp O'(E): O'(H *).
€3

m
Muoxury G* moxna npeactasutn y surnaai G*=UG, xE;, ne G, €S i
i=1

snanpetbes C € S Take, wo E, EiR(C), G, _ﬁ_Gj =, 1,J=12..,.m, m
i#]

— [esike HaTyparibHe 4Mcno Ta ANsi AOBINbHUX k :1,2,..., M BuKOHYeTbCA abo

ymosa G, NMB=, abo ymosa G, = B. Ocrane Bunnusae i

CniBBigHOLLIEHHS
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G, xE, ={(G,/B)xE, }U{(G, "B)xE,},
ae (Gk / B)ﬁ B=Y, (Gk M B)g B . Mae micue HacTynHe TBepKeHHS.

Teopema 2. Posg’sisok gomomikHoi 3apadi H*= LJGi xE,, ne
iel
| ={i:G,cB,i=12...m}.
[oeederHsi. 3 nobynosu knacy I, Bunnmeae, wo mHoxnia H* € I, . Hexai

E, € 35 - wmHoxwuHa, sika € poss'sskom gonomixHoi sajavui i E,# H™*,

k
o(E,)<o(H*). Toni E,=|JC/xE,. ae CeS, E’eR(C).

i=1
1=12...,k, K - peske natypansHe uucro. MosHaummo F, =LJGi xE;, ne
icd
J= { 1:G,NB=9g,i=12,...m } 3a nobysosow mHoxuH E; i F,
BukoHytoTbest cnissigrowenns EgNF, =0, F,cG*, F,€3,. Hexai
H, = E, UF,. 3 ymosn agutusHocTi coyHkuii & maemo
o(H,)=0(F,)+o(E,) < o(H*)+a(F,)=c(H*UFR,).
Ane H*UF, =G™*. Omxe, O'(HO)< O'(G *), WO CynepeunTb TOMYy, LIO
G* - pPO3B’A30K 3agadi onTuMmisauii pyHKUii O Ha knaci SA . Teopemy posegeHo.

3aysaxeHHs. a) Busnavatoum knac SA, YMOBY 2) MOXHa 3aMiHUTV Ha HacTynHy
yMOBY:

2y ans 6yab-skux mHoxuH C €S, F e S, FNC = i posinbHUX MHOXUH
LeB., M € B sukonyetscs LUM €3, .

Akwo S e knacom Bcix NigMHOXMH MHOXMHM A, To ymoBy 2/) MoxHa
posrnaaaTy B Ginbl NpocToMy BUMMA4;:

2"y pns posinbHoi mHoxuin C < A i 6yab-skux mHoxwmH L e B,

M e B, sukonyetscss L UM € 3, . Toai mHoxuHu knacy I, 6yayTs matu

crpykrypy (CxE,)U((A/C)xE,), E, e R(C), E, eR(A/C), CcA.
Ix moxHa nogatv y Burnagi

(D1XE1)U(D2XE1)U(D3XEz)u(D4XE2)f
ne D,=CnB,D,=C/B, D,=(A/C)nB, D,=(A/C)/B.

6) BuaHavatoun yHKUil0 O , YMOBY 2) MOXHA 3aMiHUTU Ha yMOBY
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2) skmpo CeS, FeS, FNnC=LJ 1a LeB,, MeB;, 1
o(LUM)=o(L)+a(M).
Topai Teopema 2 Takox byge maTtn MicLe.
B) Knacu BC , C C A MoxHa BM3HAUMTK, BUXOAAYM 3 PI3HUX HEMOPOXHIX

wnacis R(C). Toni B, ={L:L=CxE,E eR(C)}.

3adauya 3. PosrnsHeMO BMNadoK, konmM MHOxuHa A e obmexeHoo
NiAMHOXUHOK AesiKoi BMOPSAKOBAHOI MHOXWHW. Hexawn h:supA, heA,

R= {E Ec X} — dikcoBaHmii knac MHoxuH npoctopy X, BC A -

HEMOPOXHA MHOXWHA, Y= {l//i A— ER} — MHOXMWHa OOHO3HaYHUX CYHKLIN

Taka, wo sk Tinekn @, € W, 1=12 i qol(d)=(p2(d), deB,TopeV¥, pe
o(t)=¢,(t) ow teD,

p(t)=¢,(t) npn te A/D, D={p:p>d, peA}.

Po3rnsiHeMo Kknac 3, MHOXWH BUAY

L={a®,):y (@)=0,,acAD, cR}, v _c¥.

Hexan 0 : 3, — R' € o6mesxeHa yHKLis Taka, LLo:

1) Ha NOPOXHI MHOXMHI (hyHKLiS O'(@): 0;

2) ana posinbHoi Toukm d €B i ana posinbrux mHoxuH L e 3,
Me3,p BUKOHYETLCS G(L uM ): O'(L)+ O'(M ) ae
D={p:p>d,peA}

BusHauMmo  cbyHKLito m(L)= O'(L)—i- p(y/l_ (h)) Tyt p:R—->RY -
obmexeHa yHKLUig, Le SA, Y, € Y . 3apgava ontumizauii YHKUIT MHOXUH M

Ha knaci SA nonsrae B 3HaxomkeHHi MHoxuHn G * Takoi, wo

min m(L)=m(G*).

Hexaii G*= {(a, CD;)Z q); eR,ae A}. 3adikcyemo Touky d € B,
D= {p 'p=d,pe A}. PosrnsHemMo [oNoMikXHY 3aaady: 3HainTn mHoxuHy H
Taky, O glg‘l m(L)=m(H*) npn ymosi w, (d)=y.(d), LeT,,
vy, eV, ys.eV.

Teopema 3. ONTMManbHUI PO3B’SA30K AOMOMIDKHOI 3afadi Mae BUrnsa

H*= {(a,d)’;): ae D}.

[oeedeHHs. Big cynpotuBHoro. Mpunyctumo, wo
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H, :{(p’Qp):Qp €N, pe D}

€ poss'sskom gomomixHoi samaui, Hy=H>*, m(H,)<m(H*),
Vi () =ve(d), v, €¥. TMossawmo L={p @) peA/D],
M :{(p,(D’;): pe D}. Topi

m(G*)=0(G*)+ p(we.(h)=a(L)+a(M)+ ol (h)>
o(L)+a(H,)+ ply, (0))=m(Q),

ne Q=LUM, Qe3J,, w,, €¥. Orpumanu npotupiuis 3 Tum, wWo

* , . . .Y
mHoxuHa G — pose’'sisok safavi onTuMmisaLii (yHKUIT MHOXMH M Ha knaci I , .

Teopemy ooBeneHo.

3. 3acmocyeaHHs y3acanbHeHo20 npuHyury bennmaHa. Tlokaxemo, £k
BMKOPUCTOBYIOTLCS  pe3ynbTaTu MNOMepeaHboro  MyHKTY nekuii B [AOBEeAEHHI
npuHUMNY onTumaneHocTi bennmaxa Ans 3agadi onTManbHOTO KepPyBaHHS MyYKOM
TpaekTopin.

o n
Hexan X C R" — mHOXMHa oBMexeHb Ha BekTOp (hasoBWX KOOPAWHAT,

m .
U c R — MHOXMHa obmexeHb Ha BEKTOpP KepyBaHHA. PoarnaHemo AOVNHaMIYHY

cuctemy
dx
— = f(x,u,t), 1
pm (x,u,t) @)
3 NO4YaTKOBOK YMOBOK
x(t,)e M,, @)

ne te [tO,T] — HesanexHa 3MiHHa, X(t)e X = Bektop (hazoBux KoOpAMHAT,
U(t)eU — BekTtop kepysaHHs, T (X,U,t) — N-sumipHa BekTop cbyHkuis, sika
3aJ0BOMbHAE YMOBaM TeOpeMu iCHyBaHHS Ta €AMHOCTI po3B’asky 3aadi Kouwui,
M, < X - komnakr. MosHaunmo

M (t,u) = {x e R" : x = X(t,u, X, ), X, € M, }

nepeTuH nyyka TpaekTopin 3agadi (1), (2) B moment t € ['[O,T].

3agaya onNTMManbHOrO KepyBaHHA My4KOM TPAEKTOPIA Monsirae B TOMY, LWOO
3HaWTK gonyctume kepyBaHHa U * | BignosigHuit NOMY My4OK TPaEeKTopIn P*, axi
MiHIMi3y0Tb (OyHKLiOHarn
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I(u):] Iw(x,u,t)dxdt+ J'g(x,T)dx. @3)

to M (t,u) M (T ,u)
Tyt a)(X,u,t), g(x,T) — iHTerpoBaHi 3a Jleberom Ha nepeTnHax nyyka yHKLUIi.
Posp’siskom 3aaadi (1)-(3) Hassemo napy (u*, P*).

PosrnsHemo ponomixHy 3apgady. Hexan S € (tO,T) — (ikcoBaHUA MOMEHT
yacy. HeobxigHo MiHimidyBaTh dyHKUioHan

.
I.(u) :j Ico(x,u,t)dxdt+ Ig(x,T)dx o)
s M(t,u) M (T,u)
npu ymoBax
%: f(x,ut), tels,T], )
X(s) e M(t,u*), xe X ,ueU. (6)

Teopema 4. Ha sigpisky T € [S,T]Mae MicLie PiBHICTb

(" X %)= (3.X).

ae (U, )?)— PO3B’A30K AONOMDKHOT 3a7aui.

JlosederHsl. BUKOPUCTAEMO MO3HAYEHHS Teopemu 3 AnA [aHOro BUMAAKy.
MHoxuHa A= [tO,T], B=A, V¥ - knac posg’siakis cuctemn (1), R — knac

[OBINbHUX MiAMHOXWH ¢pasosoro npoctopy X, I, € KNacom posp’s3kie 3apavi

(1), (2) npu 6Gyab-sikomy kepysanhi UeU . skwo LeJ,, 1o

T
L={t,M(t,u):te AuecU)}, a:j jw(x,u,t)dxdt,
to M(t,u)
p= Ig(X,T)dX, m= I(u), mHoxuHa D = [S,T], 3 € knacom pose’siakis
M (T ,u)
3agadi (5), (6). 3 Teopemu 3 BMNNUBaAE CNpaBeAnNMBICTb CHOPMYNbLOBAHOMO
TBEPAXEHHS.

3adava 13. 3a pgonomorow ysaranbHeHOro npuHuuny bennmaHa posectu
crnpaBeaAnuBICTb MpUHUMMNY onTumanbHocTi bennmaHa anga 3agadi onTuMmansbHOro
KEpPYBaHHsI AMHAMIYHOK CUCTEMOK 3 iHTerpanbHUM (pyHKUioHanom (nekuis 2) ta
ANA 3agadvi oNTUManbHOro KepyBaHHA MaTPUYHUM AUdEepeHUianbHUM PIBHAHHAM 3
iHTerpanbHUM KpuTepiem (nekuis 6).
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