Jlekyis 3. 1

BJIACTUBOCTI HEITEPEPBHUX MHOI'O3HAYHHMX BIIOGPA’KEHD

1. Tononozciune o3nauenuss Henepep8HOCMI MHO20O3HAUHUX 8I000OpadiceHb. MOXKHA BU3HAYATH
MOHATTS. HEMEPEePBHOCTI MHOTO3HAYHOTO BiJOOpaKEHHS HE MPHUB A3YIOUHUCH JO E€BKIIIJOBOI

METPHKHM, a BUXOAA4H 3 Tomoorii mpocropy. Hexait pe D < R™, F(p) < R".

Osnauennsi. MHOTO3HAUHE BioOpaXKeHHsT F HA3UBA€TbCS HanigHenepepsHuUM 36epxy B TOUIl
p e D, akmo mis Oynas-skoro okony U(F(p)) muoxunu F(p) icaye okin V(p) Ttouku peD,

TaKWH, 1110
F(9) cU(F(p)) s seix g eV (p). 1)
CriBsinnomeHHs (1) ekBiBaJeHTHE BKIFOYCHHIO

FV(p) = U(F(p)).
[IpUIycTUMO, IO TOIOJIOTIsE TEHEPYETHCS 3a JOMOMOTOK E€BKIIJIOBOI METPUKH p . JliIst 1bOro B
npocropax R™ i R" BBOAUTHCS cuCTeMa BiJIKPUTHX KYITb

S,(@)={xeR":p(ax)<ef, S,(0)={xeR™: p(b,x) <&}, acR", beR".

3ayBaxxuMo, 110 B ipocTopi R* eBkiimoBa Merpuka

p(y,z)=,/Z(yi—zi)2 =ly-7, y=(v.v,---%)", 2=(2,2,...2, )"

Hexait F € xomnaxmosnaunum BinoOpaxkeHHsM. Toni o3HaueHHs (1) MokHA 3amucaru
HACTYITHUM YMHOM: JJis OyAb-sikoro & > 0 icHye 0 =0 (f) > 0, Take, 110

F(9) = S:(F(p)=ixeS.(y):y e F(p)f
sk Tibku g € S;(p). Bubepemo & >¢&>0. Tomi F(g) < Sf(F(p))c (F(p))°. 3a teopemoro 1
Jekmii 2 ,B(F(g), F(p))S £ TIpu ||g — p|| <¢. TakuM YHHOM, TPUXOIUMO 10 O3HAYCHHSI [F -
HenepepBHOCTI. | HaBmaku, 3 [ -HenepepBHOCTI sl Oyab-skoro & >0 icHye O = 5(§)> 0, Take,

mo F(g) < (F(p))"g pu ||g - p|| <o .Toxai 6epemo £ > & >0 1 mae micie
F(9) < (F(p)) =S.(F(p))

npu g €S;(p). Takum umHOM, o3HauyeHHsS (1) Ta o3Ha4YeHHsS [ -HEMEPEPBHOCTI Ul TaHOTO

BUIIQ/IKY € EKBIBAJICHTHUMH.

O3nauenns. MHoro3HauHe BioOpakeHHs F HasuBaeTbes manignenepepnum 3Hu3y B TOULI
peD, akmo mns Oyap-skoro Z € F(p) i goBinbHoro okomy U(z) Toukm Z icuye okin V(p)
touku p € D, takwuii, mio

F(g)nU(2) #<D nna Becix g eV (p). (2)
MHoro3HauHe BinmoOpakeHHst F HasuBaeTbesi Henepepsnum B Tounmi Pe D, skmo BoHO €
HaIiBHENIEPEPBHUM 3BEpPXY Ta 3HU3Y Yy il TOUIIi.

[TokaxkeMo, 110 SKIIO OKiJ TOYKH BBOJMTHCS 3a JOTMIOMOTOI0 €BKJIIJIOBOI METpUKkU o 1 F €
KOMNAKMO3HAYHUM BiTOOpAXKEHHSIM, TO TaKe O3HAUCHHS HENEPEPBHOCTI €KBIBaJICHTHE O3HAYEHHIO
HernepepBHOCTI 3a Xaycaopdom. Hexait mist Oyne-skoro & >0 icHye O =5(§)>0, TakKe, 110

,B(F(p), F(g))S & mpm ||g — p|| <Jd. 3a Teopemoro 1 nmekmii 2 mpu g€ S;(pP) BHKOHYETHCS
F(p) < (F(9)F. Bubepemo &>¢&>0. Toni F(p)c< (F(9)f =S,(F(g)) mpn geS,(p).
Bizememo noBineHe Z € F(p). Tomi ze SS(F(g)) i S,(z)nF(9)#=, geS,;(p). Bubpasmmu
U(z)=S,(2), V(p)=S;(p), otpumyemo (2). I napnaku, 3 osmadenns (2) mpu U(z)=S.(z),
V(p)=S,(p) BumumBae, mo s Oyxme-sikoro ¢&>0 icHye O = 5(§)> 0, Take, 11O
SA(2)NF(9) =9, geS;(p), ne ze F(p). Ilpu &> & >0 Bukonyerses K, (z) MF(g) #D. Lle
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osnauae, mo F(p) < (F(9))°, g €S,(p). 3a Teopemoro 1 mexmuii 2 mae micue B(F(p),F(g))<&
pu ||g — p|| < 0. A exBIBaJICHTHICTh HENEPEPBHOCTI 3BEPXYy 10 /[ -HEMEPEPBHOCTI MM IMOKa3aJIn

BHIIIE.

O3Hnauenns. SIknio MHOTO3Ha4yHe BinoOpaxkeHHs F € wuenepepenum (nanienenepeperum
38epxy, HanienenepepéHUM 3HU3Y) B KOXHIM Touli MHOXMHM D, TO Take BimoOpakeHHS
Ha3UBAETHCS HEMEPEPBHUM (HAIMIBHEIIEPEPBHUM 3BEpXY, HaIliBHEIIEPEPBHUM 3HHU3Y BIAMOBIIHO) Ha
D.

Ilpuxnao. Po3rissHEMO MHOTO3HAaYHE TOYKOBE BiJIOOpa)KeHHS, SKE 3aJa€ThCSl HACTYITHUM
YHHOM

F(0)=[-11], F(p)={0}, p=0, peR". 3)

Puc.1.

Tak sk
B(F(p),F(0))=minle >0: F(p) = (F(O)) f=min{e >0:0e[-11} }]=0, peR",
To BigoOpaxenHs F € HamiBHemepepBHUM 3Bepxy y Toumi 0. Ase me BigoOpakeHHS HE €
HaniBHenepepBHUM 3uu3y y Touui 0 (puc. 1). Hificno. Bubepemo z =11 U(z) =S,,(1) = (% 1%)
1.1 . : .
Tak sk O¢ 5,15 , T0 sxuit 6u mu okin V(0) me B3sim, mae micue F(p)NS,,(1) =< npu

peV(0), p#0. Orxke, 3 HaMBHENIEPEPBHOCTI 3BEPXY HE BUILIMBAE HAIMBHEIIEPEPBHICTh 3HU3Y
MHOTI'03HayHOro BiioOpakeHHs. Kpim Toro, pynkuis (3) He € HenepepBHOIO.

MHoro3Haune BioopaxkeHHs1 G , 1110 3aJ1a€ThCs CMIBBIAHOIIEHHIMU

G(0)=1{0} i G(p)=[-11], p#0, peR’ (4)
€ HaliBHENEpEepBHUM 3HM3Y, aje He HamiBHenepepBHUM 3Bepxy B Toull 0. Takum uyuHOM,
HaIliBHENEPEPBHICTh 3BepXY HE €KBIBAJCHTHA HaIliBHENIEPEPBHOCTI 3HU3Y.

Xn

Puc.2.
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3a0aua 9. JloBectu, mo BinoOpaxkeHH (4) — HamiBHENEpEepBHE 3HU3Y, aje He
HaIiBHENepepBHE 3BepXy B ToUIl 0.

2. Ipagix mHoco3nauno2o 8i0obpadcenns. MHOTO3HAUHI BIJOOpaKEHHS IOBHICTIO
XapaKTEPU3YIOThCS CBOIM rpadikom (puc.2).

Osnauenns. [Ipagikom MHOTO3HAUHOTO BiAOOpakeHHS F  Ha3MBaeThCs MHOXKMHA

I'={(p.q):aeF(p),peD}.

Tak rpagik MHOro3Ha4YHOTO BigoOpaxeHHs (3) 300pakeHO HA PUCYHKY 1.

3aoaua 10. TloOymyBatu rpadik
a) U1st BimoOpaxeHHs (4);

6) Binobpaxenns F(p): p—>K,(0), pe[0l], K, (0) =R

Teopema 1 (nmpo 3amkHeHui rpadik). Hexait mHokmHa D — 3amMKHEHa, a MHOTO3HAauYHA
¢ynkuis F(p) —3amkHeHa 1 oOMexxeHa B okoii koxHOT Touku P € D . Toxi s f —HenepepBHOCTI
F(p) nva D HeoOXiaHO 1 AOCTATHBO, 11100 ii rpadik I OyB 3aMKHEHOIO MHOKHHOIO.

Hosenenns. (=) Hexait F(p)— f -uenepepBHa ¢ynkuis, (p,q)-rpanudHa Touka ii rpadika.
Lle osnawyae, mo icHye mocmigoBHicte P, > peD, g, —>q, g, €F(p;), 1=12,... Toui
p, F(p)) < p(F(p,),F(p)) >0, i >o. Tomy p(q,F(p))=0. Tak sx F(p) — 3amxHeHa
MHOXHHA, TO ( € F(p), T00T0 ( P,q) € I'. 3Biick BuIUMBAE, 10 [T — 3aMKHEHA MHOXKHHA.

(<) Bin cynporuBnoro. Hexait F(p) ne f—nenepepsua ¢ynkiis va D . Toxi icHyroTh Taki
Toukn pe D i p; = p Ta dikcoBane uucno & >0, mo

PF(p).F(p)=e>0, i=12,...
Lle o3nauae, mo 3HaiayTHCs Q; € F( P, ), Taki, mo

P(g.F(p))=e.
3 TOCHiTIOBHOCTI {qi} BHOEPEMO ITiIOCHIIOBHICT {qik }, o, >0, k=12,... lepeiimoBum B
ocTaHHIM HepiBHOCTI 10 TrTpanuni, otpumaemo p(Q,F(p))=&>0. Omxe, qeF(p). 3
(p, .0 )el,(p; .0, )—>(p,q)gl BummmBae, mo mMHoxkuHa ' He € 3amkHena . [IpoTupivus

JIOBOJUTH TEOPEMY.
Os3nauenns. Muoroznauna ¢yekuiss F HasuBaeTbcs obOmedrcenoro Ha MHOXHMHI M, sIKIIO

|F M )| < o,

Teopema 2. Hexait hyuxuis F e [ —HenepepBHa Ta KOMIAKTO3Ha4Ha & Ha kommakti K < D.
Toni pynkuis F oOmexena Ha K .

Hosenenns. Bixg cymporuBHoro. Hexaii icaytote P, € K, g, € F(p,), ||q||| — 0, | —> o0,
Bubepemo 36ikHy nocninosricte p; — P € K. 3 ymoBu Teopemu |F( p)| =a<ow, q; € F(py).
3adikcyemo & > 0. [Nounnaroun 3 aesikoro Homepa J(g) mis | > J(&) Mae wmicie BKIIOYCHHS
F(p;) = (F(p))°. Toxi Hqij H <a+ ¢, mo nporupiunts ||g;|| = 00, i —oo. Teopemy noBezeHo.

Hacnioox. Slkmo D e kommaktoM, F € kommakTo3HauHe [—HenepepBHE MHOTO3HAuHE

BijoOpaxenHs, To rpadik I pyukuii F(p) e komnakmom 8 R™™".
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