Jlekyis 13 1

CUCTEMU JIHIMHUX JU®EPEHIIAJIBHUX PIBHSAHb 3 IMITYJIbCHUM
BINUIMBOM

1. Oonopiouni cucmemu. Po3riissHEMO JIIHINHY OJHOPIAHY CUCTeMY NU(EPEHIIaTbHUX PIBHSHb
3 IMITYJIbCHUM BILTHBOM

dx
— =A(t)X, t=7,, 1
i) 1)
AX lt:fi =BX. 2)
Tyr A(t) — HemepepBHa Ha MPOMiKKY | =(a,b) MaTpulsl po3MmipHocTi Nxn, B, — mocriiiHi

i=12,...

Teopema 1. Hexait nmpomixkok [t;,t,+h] | micturh ckinuenne umcio toyok 7;. Tomi s

MaTpHLi po3MipHOCTI NXN, 7; € | - dikcoBanmii MOMEHT Hacy, 7; < 7;_,,
Oymp-sikoro X, € R" posp’szox X(t,X,,t,) cucremu (1), (2) icuye npu Beix te[ty,t,+h]. Kpim
TOro, SIKIIO JUI BCiX I, Takux, mo 7, €[t,,t;+h], marpuni E+B, He € BHUpOIKEHHMH, TO
X(t, %o, ty) #= X(t, Yo, t,) 1mpu Beix t €[ty,t, +h] sk Tineku X, # Y, L

Hosenenns. Hexait t) <7; <7;,; <..<7;, <+ h. 3a teopemoto Ilikapa[2] a1 qOBiTBHOTO

j+L jrk =
X, € R" posp’ssok X(t) =@, (1), ¢;(t,) =%, cucremu (1) Ha mpomixky [t,,7;] icnye i enumuii.
Hoxnanemo X(t,Xy,t,) = @;(t) npu t e[t;,7;]. B cuny (2) npu t = 7; maemo

X(7; +0,%,t,) = (E+B)X(7;, X, 1)) = X,
B cuny Teopemu Ilikapa na npomixkky [z;,7;,,] icHye enunuit poss’szok X =@;,(t), ¢;,(7;) =X
cucremu (1). Tomy X(t, %y, t) =9, (1), te (7,5, 7;,] 1

Xig = (E+B)X (70, X0: o)
i T.1. Ockinbku 3a yMOBOIO [t),t, +h] MicTUTH CKiHUYEHHE YHMCIIO TOYOK 7 ;» TO TaKUM CII0CO00OM
MO)KHa 1oOyyBaTH po3B’si30k X(t, X,,t,) cucremu (1), (2) Ha BcbOMy IPOMDKKY. Y BUIIAJKY, SKIIIO
t,=7;, Oepyrs X(t,+0,%,t)=(E+B;)X, i mpouemypa moOynoeu po3B’sa3Ky BiIOyBaeTbCs
ananoriano. 3a teopemoro Ilikapa, sxkmo X(z;, %y, t,) # X(7}, Yo, t,), 10 X(t, %), t0) # X(t, ¥y, tp) mnst
te(t;,t;,,]. 3 ymoBu HeBupomkenocti marpuni E + B, BuIuMBae HacTynHe: OCKUTbKH

X(Tj +0, Yo, t) - X(Tj +0,%,t) = (E+ Bj)(X(Tj Yoito) _X(Tj X1 1))
TO 3 X(Tj, Yo to) # X(z'j , Xo,t,) BUILIHBaE X(rj +0,X,,t,) # X(TJ- +0,Y,,t,) . Teopemy noBezneHo.

3aysagcennsn. Slkmo warpuns E+B; Bupomxena, To poss’ssok X(t,X,,t,) MoxHa
MPOJOBKUTU OJTHO3HAYHO JIMIIE 1O MOMEHTY 7;. [IpofoBxkuTH 11eil po3B’s130k a00 HEMOXKIIHMBO, 200
ICHY€ KiJTbKa PO3B’SI3KiB.

Teopema 2. MHOXHWHa BCiX pO3B’S3KIB JIHIMHOI onHOpinHOiI cucteMu (1), (2) Ha BIAPI3KY
[a,b] yTBOprOE N — BUMIipHUIT BEKTOPHUIT TPOCTIp.

Hosenenns. Hexait ¢,(t) ta ¢,(t) — po3p’ssku cucremn (1), (2) Ha mpomixky [a,b],
c,C, € R'. Toni ¢ (t)+C,p,(t) € poss’sskom cuctemu (1), (2). Hexait te[a,b]. Posrnsnemo
BimoOpakeHHs ¢, MEHOXHHH po3B’s3kiB (1), (2) B R", Take, mo, sikmo ¢(t) — poss’s3ok (1), (2), To
0,9 = @(t) . Lle BimoOpaxeHHs € JiHiHUM i Horo o0pa3 3a Teopemoro 2 € Muoxuna B R". Supo
BifoOpaxkeHHs1 (, piBHe Hymio, 60 3a Teopemoro 1 3 @(t,) =0 BummBae @(t)=0. Orxke ¢, —

i3oMopdi3M Mixk MHOXHHOO po3B’s3kiB i R". TeopeMy noBeneHo.

. Tyt E — oagvHUYHA MaTpUILIs
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bazuc MHOXHMHM BCiX po3B’si3kiB cuctemu (1), (2) HA3BEeMO (yHOAMEHMANbHOIO CUCMEMOTO
pose’sazkie cuctemu (1), (2). 3 Teopemu 2 BUIUTHBAE, MO (PyHIaMEHTaTbHA CUCTEMA CKJIAJAAETHCS 3
N eneMeHTiB, Oymb-ski N+1 po3B’s3ku € JiHIHHO 3anexHi. [To3Hauumo yepe3 D(t) marpuiro
PO3MIPHOCTI NXN, CTOBIYMKAMHU SIKOi € PO3B’S3KU 3 (PyHIAMEHTAIBHOI cHUCTEeMH. Taka MaTpuIls
Ha3HUBaeThCA hynoamenmanvroro. Slkmo P (t;) = E, To Taka MaTpuLs HA3UBAETHCS MAMPUYAHTNOM

cucremu (1), (2). @yrnamentanpaa Matpuist cuctemu (1), (2) 3a10BONIbHSIE MATPUIHOMY PiBHSIHHIO
3 IMITYJIbCHUM BILJIMBOM

do

—=Alt)®, t=7, AD|__=Bd. 3
Hexaii matpunst X (t,7) = E € po3s’s30k matpuunoi 3agadi Kori

dX

E:A(t)x , X(z,7)=E,

T00TO € Marpurantom cucteMu (1). Tomi Oynp-skuii po3B’sa30K cucTeMH (3) MOXHA IMOJATH Y
BUTIISL

O(t) = X (t, 7, )(E+ By, ) X (7 Tjc ) (E + By 1) (E+ B)) X (7, 1) D(L,)
jrk+1 " (4)

3okpema, st Matpunanty d(t,t,), HopMoBaHoro B MOMEHT t =t; Maemo

1
O(t,t,) = X(t, 7, )(E+ Bj+k)H X(Tjipr Tip) (E+ By 1) X (7, 1) -
p=k

T, <t=s7;<7, <t<7T

3 (4) Ta popmynu Sko0i (IUB. JOJATOK A) OTPUMYEMO
1
det®(t) =det X (t, 7, ) det(E + BHk)Hdet X(Tj,p1Tjipa) det(E+ By, ) det X (z;,t,) detd(t,) =

j+p?
p=k

exp{ _t[spA(s)ds}det(E +B J+k)li[exp{ TTpspA(s)ds}det(E +Bj, 1) EXD {TspA(s)ds}det d(t,)

Tj+k 7"j+p71 to

1 OCTaTOYHO

t k+1
det O(t) = det<D(t0)exp{jspA(s)ds}Hdet(E +B )i T <t <7, <7y, <t<7j,.
p=1l

to
Orxe, sixmo Marpuii E+B,, O(t,) e HeBupomkernnmu, To O(t) € HeBupomkeHa. 3HalIEMO
®7'(t) . Maemo
D) =D ()X (7, ) (E+B)) (B4 Byy) X (7 T N E B ) X (W7 ) T =

K
D (t) X 71(71' ’to)H(E + Bj+p—1)7l X 71(Tj+p Tipa) (E+ Bj+k)7l X, i)

p=1
Ty <G STy <7, <t<7Tp,.

3Biacu
s+l

Q)(t)(Dil(O') =X (t’ Tj+k)H [(E + Bj+p)x (Tj+p’Tj+p—l)](E + Bj+s)x (Tj+s ! 0) '

p=k

Tisa <O <Tjg <Tjy <USTj,.

3okpema, st Marpunanty O(t,t,) maemo
j+l

q)(t'to) = X (t’ z-j+k)]‘_[[(E + Bj+p)x (Tj+p’Tj+p—1)](E + BJ)X (Tj 'to)a

Tig <G ST <7 <U=S7j,,.
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Binmitumo, mo 3a gomomoroto d(t,t;) Oyap-sxuit po3s’szok cucremu (1), (2) 3 ymosoro Komri
X(t,) = X, MOXHa 3alUCaTH y BUIIIAAI

X(t, %o, ty) = O(t, )X, -

2. Heoonopioni cucmemu. Po3risiHEMO IiHIMHY HEOJHOPIIHY CHCTEMY 3 IMITyJbCHHM
BIUIBOM

%:A(t)x+f(t),t¢fi, AXltZZ'i:BiX+ai’ (%)
ne A(t), B,, 7, 3a10BONBHAIOTH BUMOTaM, aHAIOTIYHUM 10 BuUMor mozo (1), (2), f(t) — Bexrop-
¢ynkuis, HenepepHa Ha |, & € R" - dikcoBani BekTOpH.

3aysasicennsn. B naHomMy IyHKTI AJIsL CIIPOLICHHS 3amucy BBaxaemo, mo X(z; —0) = X(z,).
To6To, B (5) AX It:fi = Bx+a, osmauae X(z, +0) = (E+B,) x(z;) +4,.

Teopema 3. Slkmo X=@(t) € po3s’szok cucremu (1), (2) i Xx=w(t) e po3s’s30k (5), TO
dyakmis X =@(t)+w(t) € po3s’szok (5). | maBmakm, skmo X=¢ (t) i X=¢,(t) € po3B’s3ku
cucteMH (5), To X = @, (t) — ¢, (t) € po3B’sizkom (1), (2).

3aoaua 23. JloBectu Teopemy 3.

Hexait S(t) e nenepepBHo audepenuidioBanoro npu te[a,b]— {ri }, HEBUPOJKCHOIO
matpunero. [lincraBusmm X = S(t)y B (5), orpumyemo

S(t)ﬂ+d—sy =AM)SH)y+ f(t), t=7,

dt dt

S(7; +0)y(7; +0)=S(7) () = B S(7) y(7) + &
3Biacu

2—){=S‘l(t)(A(t)S(t)—Z—?ijrS‘l(t)f(t), e (6)

S(7; +0)y(7; +0) = S(z; + 0)y(7;) + S(7, + 0)y(7;) = S(7) ¥(7;) = BS () y(7) + ;.

[TpoBoaMMO TIEpETBOPEHHS HaJl OCTaHHIM BUPA30M
S+ O)(Y(5 +0) - V() + A oy = BV, 3

1 OCTaTOYHO

Ay lt:Ti =S7(r, +0)(-AS +B,S)y lt:Ti +S7(z, +0)a, . (7)

Hexait S(t) € pyHmameHTabHa MaTPHUI CUCTEMH TU(EPEHIIIATbHUX PIBHIHB

%z P(t)x,t¢ri,Ax|t:ri= L;x, 8)
ne matpuni E + L, € HeBupoxenumu. Toxui cucrema (6), (7) Mae BUTIsAg

(;_)t/ =S O(AD) -PM)SH)Y+S (O F (), t£ 7, (9)

Ay lt:Ti =S7(z, +0)(B, - I,)Sy lt:Ti +S7(z, +0)a,. (10)

Sxmo A(t) =P(t), B, =L, S(t) =d(t), ne O(t) — dbynnamenTanpHa Matpuls cucremu (1),
(2), To 3amina X = S(t)y Ha3uBa€eThCS 8apiayiero nocmitinux®. Toxi 3 (9), (10) oTpumyemo

%:Ql(t)f(t),t £7,, (11)

? HopisusiiTe 3 MeTogOM Bapianii moctiitanx Jlarpamka B [2].
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Ay lt:fi =0 (7, +0)a. (12)

Bpaxosyroun, mo @(z; +0)=(E+B)D(r;), orpumyemo Ay |t=z‘- =0 (r,)(E+B)'a. 3
I
(11), (12) 3HaXOI[I/IMO mo npu t >t

y(t) = C+jq> @) f(@dr+ >0 )E+B) g,
t<r<t

0

e Y, =Y(,)=C. 3131;[01/1 po3B’si30k cucrem (5)°

X(t) = d()(C + _[(I)‘l(s)f(s)ds+ > o(r,)(E+B) ;.

t0<r <t

0 1

3okpema, sikio D(t) = d(t,t,), orpumaemo

t
X(t, Xy, t,) = D(t,t,) %, + jcp(t, s)f(s)ds+ > @(t,7)(E+B)"a.
to t0<z'i <t
HpI/IHyCTI/IMO 110 po3rasaaeTbes cucteMma (1), (2), ane marpuni A ta B, =B, 7, >t,. Toxai

o(tt,) =e” ')tH<(tE g P Ly
<Tp

Sxmo matpuni Ata B KOMYTYyIOTh, TO KOMYTYIOTb eMta B. Toxi
o(t,t,) ="V (E+B) MY,
ne i(t,t,) — kinbKicTh TOWOK 7; Ha [ty,t), To6TO i(t,t,) =K mpu t € (7,,7,.,)-

3. Ilpuxnao. PosrnsHeMo cuctemy nauepeHiialbHuX PIBHSIHbD

dx, _ dx

Xy, —2=2X%, t#1,, 13
at 3% — X, at 1 T (13)
IIPH YMOBI, 110
X X 2 3
Ax lt:Ti____€1 AX, |t:z-i—§X1_EX2 (14)

1 TIOCJTIJTOBHICTD {ri —3amana. B nanomy BUnaaxy

1 1
X 3 - 5 1
x=| ‘| A= ‘B=| 2 3|
X, 2 0 2 3
3 2
Jlerko mepeBiputy, mo A i B xomyryroTs. Bracaumu uncnamu Matpuni A € A (A) =14, (A)=2.

L dx
OTprMaeMo J1Ba JIIHIMHO HE3aIEKHUX PO3B’SI3KH CUCTEMU p = AX

0-( 5] o[

3BiAcH TiHIHHO He3anexkHUMH po3B’si3kamu (13), (14) €
. t : 2t
)-8/ 7, w00 )7, |
e €

Tyt

® Le e ananor popmymu Komri. [[uB. 101aToK A.
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1 1 1
- - t 2t . oK
E+B=|2 3| M| €l (E+B)O=8" 01 s iOf=2k i
2 1 2 e 0 62
3 2
1 1

(E+ B)I(O’t) = 2'262k 3 :?Zk , mpu 1(0,t) =2k +1. Takum umHOM, (PyHIAMEHTaIbHA MATPHIISL

3'62k _2'62k

cuctemu (13), (14) €

At itt)_ .l € €% . .
O(t,0)=e™(E+B) =6 sel o2 , axmto i(0,t) =2k i
et e
1 1 et 2% _(i+£]
t 2t - 2 3 3 2
e N e D
e e 22k - 12k ° et+—2e - Zi £
3.6% 26 3 s 5

3adaua 24. 3uaiitTu QyHIaMEHTaNbHY MaTpPULIO0 1 po3B’s30K 3amaui Komri mist cuctemu 3
IMITyJTECHUM BIUTHBOM

d dx
d? = 4%, — X, , d—t2=5x1+2x2, t#z,
IIPH YMOBI, 110

X X
A :——1, AX — :__21
X, lt:ri 5 e |t—ri 2

[MOCJIiJOBHICTE {ri} —3amanai X(0) = X,.

Jlooamox A.

Skmo ®(t) — Marpuid po3MipHOCTI NX N, BEKTOP-CTOBITYHUKH SKOI € PO3B’S3KaMHU CUCTEMH
. : . dx . . :
THIMHEX TudepeHIiabHIX PiBHIHD pra A(t)x, xe R", A(t)— marpurst posmiprocti Nxn . Toxi

bynxkuis W (t) = det O(t) nHa3uBaeTbes BU3HaYHUKOM BpoHcbkoro. Mae mictie popmyna Axo6i

W (t) =W (t,) exp {j‘ spA(s)ds} :

)

Sxmo W(t) =detd(t) #0, to marpuns @D(t) HaszuBaeTbes (yHIAMEHTANIBHOM. SIKIIIO

d(t,) =1, To dynnamenranpna Marpunsg D(t,t,) = O(t) HasuBaeTbcss HOpMOBaHOO B Touwli t =1, .
L . : dx :
JInst  HeoaHOpiAHOT cUcTeMH AW(EpEHIaIbHUX pIBHAHb P A(t)x+ f(t) 3a Bigomoro

dynnamentansHo0 Matpuieo dD(t,t,) MoxHa 3HATH PO3B 30K 3a TONOMOTOI0 hopmyau Kowi
t
X(t) = D(t,t,)X, + j d(t,s) f (s)ds.
)

Tyt x(t,) =X,

Jlimepamypa.
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