Jlexyis 19 1

ICHYBAHHS OIITUMAJIBHOI'O KEPYBAHHSI.
1. Ocnosni osnauenns. PosrisgHemMo 3amady bosnbia

= ] £, u )t + S((T), T) - min ®
npu yMOB:X

0t x.u0., @)

X(to) = Xo (3)

(X(T),T) €G,, u(t) U(x.t). )

of,(x, u,t .
Tyr x e R"- Bektop (asosux xoopaunar, f,(X, U,t) — HermepepsHa pasoM 3 % byHKis,
i=12,..,n, cD(X, T) — HenepepBHa QyHkiis, f(X,U,t) — HemepepBHa 3a CYKYIHICTIO 3MiHHHX
of (x, u,t . . . : .
pasoMm 3 % BeKTOp-QyHKIis po3mipHocTi N, i=12..,n, u(t) — BumipHa Ha [tO,T]
X

i
¢GyHkmis  kepyBanHs posmipuocti  r, U(X,t)c R'— HemepepBHe 3BepXy MHOIO3HaYHE
BioOpakeHHsa , T — HedikcoBaHul MOMeHT. [Ipummyckaemo, 1110 BUKOHY€ETHCS YMOBa
2

x" f(x,u,t) SC(“X” +1), c>0. (5).

B 3aranpHOMy BUMNaAKy B Kjaci BUMIpHUX ONTHMaibHe KepyBaHHs 3anadi (1)-(5) moxe He
icnyBati. OJHaK, NPAKTUYHO 3aBXKIH, ICHYE IOCIIIOBHICTh {uk (t)}, te [tO,Tk], BUMIpHUX
KepyBaHb, K =1,2,..., 110 BiJIOBiJIHA MOCIIIOBHICTb {Xk (t)} TpaeKTOpii B cuiy cucrteMu (2) Ta
ymoBH (3) 30iraerses 1o X* (1), te [tO,T *], T*=|imT, <. IIpu upomy

k—0
limI(u,)=infl.
k—o0
[Tpuknax Takoro kepyBaHHs OyB moOymoBanuii B Jiekiii 10 3a qormomororo merony Kporoga.
Osnauenns. Slkmo rpannvHa kpuBa X*(t) He € Tpaekropier cuctemu (2), TO pyX B3IOBXK

X*(t) HasuBaeTbCcs Kog3HuM onmumanvHum pexcumom. Cama ¢yHkmis X*(t) HasuBaeTbcs

dyHKyiero HY1b060I O.1U3LKOCII KOB3HOTO PEKUMY.

2. Teopema @ininnoga. Po3rnsHEMO YMOBH ICHYBaHHsS ONTHMAJIBHOTO PEXHUMY B KJaci
BUMIpHUX (QyHKIIH. [ mpocTtoTH cam MigXil 1 OCHOBHY TEOpEMY JIOBEAEMO JUIs 3ajaadyl
ONTUMANIbHOI IBUAKOAIL. [[ns oBeeHHS OCHOBHOIO pe3yiabTaTy HaMm 3HaJ00UThCS HACTYIHA
jaema.

Jlema 1 (Oonomioxcua). Hexaii Bekrop-pynkumis ¢(t,u) € HemepepBHa, te [tO,T],
u= (u1 u,...u, )T , Bimoopaxkenns Q :t+> Q(t) e HamiBHenepepBHUM 3BEpPXY Ta KOMIAKTO3HAYHHM,
Q(t) cR', telt,,T]. Hexait

R(t) = {f (t,u) :u e Q)},
y(t) e R" — Bumipna 3a JleGerom BekTop-¢yHkimis. Tomi icHye BumipHa 3a JleGerom BeKTOp-

dynkmis u(t), Taka, mo u(t) € Q(t), g(t,u(®) = y().
TakuMm YHMHOM, PO3TJISHEMO 3aaauy ontuManbHOi mmBuakonmii. Hexait mist 3amaui (1)-(5)
MoMmeHT t, — ¢dikcoBanuii, X, — (ikcoBaHa TouKka, MHOXXHHA G, CKIaga€ThCS 3 OJHOTO E€IEMEHTY

G, = {(Xl,T)}, ne X, €3amanuMm, f, (x, u,t) =1, (D(X, T) =0, a ¢pynkmionan (1) mae BUTIISIA
[(u) =T —t,.
[Moznaunmo T *—t, =inf | . Ilpumycrimo, 1o icHye moHaiiMenIne oxHa Tpaekropist X(t) cucremu

(1) B cuny nmesixoro BumipHoro kepysanus U(t) e U (X(t),t), ta momenr t,, Taki, mo X(t,)=X,,
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X(t,))=%,. B upomy Bumamky T*e[to,tl]. BaxnuBy ponp Oyne BigirpaBaTh MHOTO3HA4HE
BinoGpaxenns R:(x,t) = R(x,t), 1e R(x,t) ={f (x,u,t):uecU(xt)}.
3a0aua 30. [omectn, mo BimoOpaxenns R:(X,t)r— R(X,t) € KOMIaKTO3HAYHUM 1

HETICPEPBHUM 3BEPXY.
Teopema 1 (®ininnosa). Hexait R(X,t) — omykna mMHOXHHa. Toxi icHye BUMipHA (QYHKIIiS

u*(t) eU(x*(t),t), sxa minimizye ¢ynkmionan |(u)=T —t, i BigmoBigHa TpaekTopis X*(t)
3a/10BOJIBHSIE yMOBaM X * (t,) = X,, X*(T*) = x,.

Joeedenns IpoBEIEMO B JIBa €TAIH.

Eman 1. Ilobyoosa onmumanvroi mpaekmopii. ITloznaunmo Z(t) = ||X(t)||2 +1. 3 (5)

OTPUMYEMO
dz(t)
dt

dx(t)

=2x" (t)f(x,u,t)<2c(|| x(t)]|? +1)=2cZ(t).
dz(t)
dt

=2x" (1)

<2cZ(t) sumimBae dz(t) < 2cdt
Z(t)

Z(t) < Ae®t) > ty. Ockinpku T* e [to ,tl] , TO MU MOYKEMO PO3TJISIIATH JIMIIE Ti KEpYBAHHS, IS

[Toznaunmo A=Z(t,) = ||X(t0 )||2 +1. 3 HepiBHOCTI

AKHMX 3Ha4eHHs QyHkuioHany | <t —t,. [lng Takux KepyBaHb PO3B’SI30K CUCTEMH (2) 3 yMOBaMH
X(ty) =Xy, X(t,) = X, 3a10BONBHSIE HEPIBHOCTI ||X(t )||2 < Ag?lt),
[Tokaxkemo, 1o mpu te[to,tl], ||X(t)|| = \/Kec(tl_t") mHoxuHa U (X,t) € piBHOMIpHO
oomesxxeHa. ToOTo, 3Haiinerbess N > 0, Take, mo s qoBiabHOTO U € U (X, 1) BUKOHY€EThCS ||u|| <N.
Bin cynpotusHoro. Ilpumyctumo, 1o iCHYIOTh MOCIHiIOBHOCTI {tk}, {Xk}, {uk}, Taki, II0
t, >t, X o>X, |uf]—oo, u eU(x.t), k—>oo. B cury HemepepBHOCTI 3Bepxy I

noBimbHOro & >0 mnpu Bemukux 3HaueHHsX K Bukonyetbes U(X,,t,)c (U (X, ,tk))g. Takum
upHOM, U (X, ,t, ) — oOMexeHa, . 3Biacu U (X,t) — piBHOMiIpHO 0OMexeHa.

Tak sx f(x,u,t) — HenmepepBHa, TO Tipu t € [to,tl], ||X|| < \/Keal , UeU(x,t) orpumyemo
|| f (X,u,t)” <M, M >0. Po3riissHeMo MHOXHHY S, BCix po3B’si3kiB X(t) cucremu (2), muist pi3HHX
u(t)e U(x(t),t), mns sikux X(tg)=Xo, 1 TpaekTOpis NPOXOAUTH dYepe3 Xi. Ll1 MHOXHMHA He €
nopokuboto. Hexairi W={u(t)} — mHoxmuHa KepyBaHb, sKi BiamoBimaroTh X(t)eSop. Bizsmemo

nocinosHicTs Use W, Is=1(Us)—inf 1 =17,
Uew

Hexaii Xs(t) — BigmoBigauii po3B’si30k piBHSAHHSA (2). Bigmosigai Tpaektopii Xs(t) mpu te [to,t1]
€ piBHOMIpHO oOMexeHi (|[Xs(t)]|< \/Zec(tﬁ")) 1 pIBHOCTENEHHO HEINEpPEepBHI, TaK SK BOHU €

. dx, (t
abCOTIOTHO HETEPEPBHUMH Maiike CKpi3b, || %H:H f (X, Ug,t) <M. 3a teopemoro Aprens

BrOepeMo 3 {Xk(t)} 30ixHy miamocmigoBHicTs, lim x, (t)=x"(t).

k—o0
Eman 2. Icuysanns onmumanvnoeo kepyeanmns. Ilokaxkemo, mo x*(f) Biamosigae
ONTHMaNbHOMY KepyBaHHIO. Tak sik Bci Xk(t) 3a10BONBHAIOTH yMOBI JIiMIIUIIS 3 OHIEIO 1 TiEHO K
KOHCTaHTO0 M, 1o X*(t) — mimmureBa 3 koncrantoro M. Tomy X*(t) — abcomoTHO HemepepBHa i

dx*(t) dx(t) JO, dxk (t)
dt

<M . Hexait

y (), k=12,.. Oynmkmii y(t), yw(t) BuzHaueHi

Maiike Ckpi3b Ha [fo,t1], BuMipHi i oOMexeni. Hexait t e [t,,t;] | icaye. ITokaxemo,

dx* (t)
dt
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o dx*(t)
dt

npu [t-t[<d, [[x-x*(1)|[<2Mdé maemo R(Xx,t) e (R(x*(t),t))*. 3mMeHmuUBIIHM, AKIO MOTPiIOHO, 5>0,

e R(x*(t),t). Muoxuna R(X,t) e B — HemepepsHa, Tomy Ve >0 38 >0, Taxi, mwo

MO’KHA BBaXKATH, 10 TIpH [t- <8
[x* (1) =x*(t) dx*(1)| .,

- 6
t-t dt ©)
(32 03HAYEHHSM IOXITHOI). AJe
X*()=x*(t) X (1)=x (1) 1]
- = lim - = lim — rydr 7).
— lim ==— Mt_t{yk( X (7)
) . ) ) dx,(7)
Hani, maibke [y Bcix T Mae wmicue Y, (7)= e f(z,x.(7)u, (7)) eR(z,x.(7)). Ipu
‘r—f‘<5 i JOCHTh BEJIMKHX K Maemo ka(f)—x*(f)u< Mg, ka(r)—xk(f)us Mo . 3Bincu
ka (7)—x*(t )H <2Mo. Toni 3 paHirie 3po0JIeHUX OLIIHOK BUILINBAE

R(7,%, (7)) < (R(x* (t),t))*. Omxe, mpu |t—t|< S i mocuts Bemukux K miginrerpamsua yHKIis

B (7) HAJICKUTh ( R(E, X* (E ). 3a JIEMOIO po cepeHe 3HAYCHHS

dx* (t)

X*(t)_f‘*(f) e (R(t,x*(t))). Tenep 3 (6) BurmBae e (ROX* (1),t))* . Tax sk €0 -

t-t

e R(x* (f ),f ) . 3HauuTh, icHYE

- - dx* (t)
K 3aBroguo mMane, R(x*(t),t) - 3aMxkHeHa MHOXXHHA, TO o

dx* (t)

u* eU(x*(t),t), take, wo = f(X*(f),u*(f),f). 3a nemoro 1 ¢ynkuis u*(t) — BumipHa.

TeopeMy noBeneHo.
[Tokaxkemo, 10 ONTHMAIbHE KEPYBaHHS MOXKE HE ICHYBaTH, SKIIO MHOXHHa R(X,t) He €

OITYKJIOIO.
3. Ilpuxnao. PosrisHeMO 3ajady ONTUMAIbHOI IIBHAKOMII: MiHIMI3yBaTu (yHKIIOHAI
I(u)=T npu ymoBax:

%z—y2+u2, dy _
dt dt

lu)<1, x(0)=y(0)=Y()=0, x(T)=1, te[0,T].
Tyt x(t), y(t), u(t) — cxamspui ¢ynkmii. [Toznaunmo R(X,y,t) = {(— y? +u?, u):|u| sl}. s MHOXMHA

He € omykioo. Jliicho, Ha wmamouky R(X,y,t)=(A,B)! i mwms touok 4, B mpsma
Ja+(1-A)be(AB),1e(0l).

. (A,B) — nyra Big Touku A 10 Touku B
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Orxe, ymoBu Teopemu DiminmoBa He BUKOHYIOThCs. OmiHuMo ontuManbie T . Mae micie
HEPIBHICTD % =—y?+u’ <-y?+1<1,

Tomy dx<dt i 3Bimcu X(T)—x(0)<T". Tak sk x(7)=1, x(0)=0, To T >1. [lo6 mocsrtu
T =1, motpibuo, mo6 y=0 i u?=1. Ane 3 JIPYTOTO PiBHSHHS CUCTEMHU BUIHO, IO 1€ HEMOXKIIUBO.
Tomy T™>1. ITo6ynyemo mociimoBrocTi Xk(t), Yk(t), Uk(t), Taki, mo |uk(t)|=1, |y, (t) |=%, te[O,tk],

k=2,3,... 3 mepiioro piBHIHHA CUCTEMH OTPHMYEMO
X(t,) = [ (=Y2 (5)+ Ui ()Ms = (—y; (8) +u; (O)t,
0

Tyr 0e(0,t,)— cepeans touka. Jlnst Toro, mob X(tx)=1 HeoOXximHo, MO0 t, = 1 1 =1+ kzl I
1 _
kZ

1 J:t, Lim y,(1)=0. Asne mapa X(t)=t, y(t)=0

t
Otke, Ikim X (t) = Lim‘[(—yk2 (s)+Uu?(s))ds= limt(l—
0

k2
HE € PO3B’A3KOM JaHOI CHCTeMH Hi mpu skuxX |u(t) <1. Poss’ssox X(t)=t, y(t)=0 e xoB3HHM
ONTHMAIBHUM PEXHMOM. BiH BUHHK B pe3yJbTaTi MOPYIICHHS YMOBH OIYKJIOCTI MHOXKUHH R(X,Y,t).

4. Teopema @ininnosa o0na 3aoaui bonvya. Jns 3amaui (1)-(4) Teopema @inminmosa
(hOpMyYITIOETHCSI HACTYITHUM YHHOM.

Teopema 2(Dininnosa). Hexail BUKOHYIOTbCS HACTYIIHI YMOBH:

1. 3Haiinerbcst mWOCHiOBHICTE BHMipHHX KepyBaub U, (t), te[t, T, ], k=12,.., sxa
3agoBosbHse (1)-(4), Taka, mo BigmoBimHa mocmigoBHicTe X, (t), te[t,,T,] po3p’s3kiB
OUHaMIYHOT  cucTteMd  (2)  pIBHOMIpHO  30iraeTbcsi 110  JAESIKOi  TI'pPaHUYHOI  KPHUBOI
X'(t), telt,T7], T = ||<i_r>To]oTk <+, X (t,)=%, (XT )T )eG i lﬂl I(u )=1" =inf I,
ITpu boMy anst Oynb-SKO1 1HIIOI MOCHIJOBHOCTI K€pyBaHb BKAa3aHOI'O TUITy TPaHMYHE 3HAYECHHS
(GyHKI[IOHATTy HE MEHIIIe I

2. JInst Oynp-sikux (hikcoBaHux (X,t) MHOXHHA

R(x,t)={f(xut):ueU(xt)}
€ OIIYKJIOIO.

3. OyHKuisA

@ (x,t,)=min{fo(x,u,t): ue Q(X,@,t) }

B.B. Iiuxyp
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€ gana  goBibHMX  (X,t)  yBirHyroro 1m0 @  Ha  MHOXHHI R(x,t). Tyr
Q(x,pt)={ueU(xt): f(x,ut)=9, @eR(Xt)}.

Toni icHye onTuManbHe BuMipHe kepyBanus U (t), te[t,,T" ] 3anaui (1)-(4), mo peanisye
Tpaektopito X (t), te[t,, T ] nunamiunoi cucremu (2), X (to)=Xo, (X (T), T eGil(u)=I".

Hacniook. Mae micuie nudepeHiiianbHe BKIFOYCHHS

dx”(t)

dt

Tyr f(xUt)={f(x,ut):ueU}.

Sxmo muoxuHa f(x,U,t) He € omykior, To omruManbHuil pos3s’s3ok (X (£),u”(t)) Moxe 6yTu
BiicyTHIM. ONTUMaJbHOIO MOXE BHUSBHUTHCH TPAEKTOPIS AUQPEPEHINIATHHOTO BKIIOUYCHHS

dX(t)ecof(x,u,t).

eco f(x,U,t).

5. Iioxio P.B.I'amxpenioze. Meron P.B.I'amkpernijize mojsra€e B ToMy, 1100 B aHATITHYHIN
. . dx
dopMmi 3amucaTv audepeHiiaTbHe BKIIOUCHHS jeco f(x,u,t). JIns 1mbOro 3acTOCOBYETHCS
t

HACTYITHA TEOpeMa.
Teopema 3. Bci koB3HI pexxumu 3aaadi (1)-(4) 3HaXOAATHCSA Cepell ONTHUMAIBHUX TPAEKTOPIN
HACTYITHOT 3a/1a4i ONITHUMAJIHLHOTO KepyBaHHS:

J(w) = T[Zn:ai (t) fo (x(t),u; (1), t)dt + D(x(T), T) — min, (8)
B3 a0/ 00,00, ©)
x(ty) = xy, (X(T),T) € G, (10)
u(t) e U(x,1), a, 20, iai =1,i=0,n, (11)

i=0
w(t) =[a,(t),....a, (t);uy(t),....u,(t)].
3aysasicenns. 3anaua (8)-(11) Ha3UBaEThCA po3uenieHoro.
JoBenenns. Buxomsun 3 Teopemu Kapateomopi (muB. momatok A), mast 3amadi (8)-(11)
BHUKOHYIOTHCSI YMOBH TeopemHu 2. ToOTo, B K1acl BUMIPHUX (PYHKIIIH ICHYe ONTHUMalIbHE KEpyBaHHS

w' () =[e, (0),....,a, ();uy (1),...,u, ()] 3ama4i (8)-(11). IlincraBuBmm w’(z) B (9), oTpuMaemo
ONTHUMAJIbHY TpaeKkTopito x (2), ¢ €[t,,T"]. OueBUmHO, IO TPH [HOMY MiHIMagbHE 3HAUCHHS
dyukiionany (8) He Ginbiie 3a MiHiManbHe 3HaueHHs QyHKuioHany (1), 7 >J". TTokaxkemo, SK,
Buxojaun 3 W’ (t), X (t), mobyaysaru nocminosHicTs kepysanb u™(¢), t €[t,,T"] 3anaui (1)-(4),
AKUM BiMOBigae mocminoBHicTh TpaeckTopiit x (¢) cucremu (2) i

I X% = X" [leg, 17— 0, k = 0.
Po3i6’emo Binpisok [¢,,7"] na k siapiskis 1", i=12,...,k. Koxen 3 inpizkis /*) po36usaemo

Ha (7 +1) MHOXUHY, K1 € BUMIDHUMHU 1 HE IEPETUHAIOTHCSA M1 COOO0I0:

(k) _ ! -
1P =\ JEP  i=1k.
j=0
[Ipu npomy
HEP = [a; (0. (12)

1

Ile MosxHa 3IMCHUTH, TaK SIK

B.B. Iiuxyp
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w1 =iﬂEi§k> =Zn: j o) (t)dt = jzn;a;‘(t)dt= jdt.

j=0 |i(k) |i(k) j=0 Ii(k)
[TocnimoBHICTE KepyBaHb Oy1eMO Oy yBaTH HACTYITHUM YHHOM:
(k) — & 20y =1 F
u®@)=u;(),tek;’, j=0,ni=Lk, (13)
ne u;(f) € KOMIIOHEHTaMHM KepyBaHHsi w (7). BukopucroByiounm Teopemy Ipo HENEpepBHY

3aJISKHICTh PO3B’s3KYy cuctemu Tuiy Kaparteozopi BiJg mpaBoi YacTWHHU Ta amapaT y3arajlbHEHUX

dyHKuii, MmoxHa nokazatu, mo 3 lim max g/* =0 sunmsae lim|| x* —x" legsy. =0 - Teopemy
k—o i=1,2,...k k— >

JIOBEJICHO.
see * * .
Oyukuii U] (t) HasuBaroThCs bazosumu Kepysanwamu, a o (t) — 6azosumu QynKyismu,

te[t,,T*]. 3 onucanoi B noBenenHi Teopemu 3 koHctpykuii (13) mobynosu kepysanb u' (¢)
surumBae, mo UM (t) mpu K — oo HeckiHUeHHO YacTo “cKaye” 3 OJHOTO 6a30BOTO KepPyBaHHS Ha
inme. Ilpu mpomy u™(f) 3aTpuMmyeThcss Ha 6a30BOMy KepyBaHHI u/ (t) ma momro yacy, 1O
BH3HAYAETHCS BaroBOIO (PYHKITIEIO a; (¢) 3rigHo (12). Pyx x“(¢) B rpanui € “koB3aHHAM" B3IOBXK
x“(¢) mpu k — .

Posrmsnemo Bunanok G, = R", U(x,t)=R". ®ynkuisa ['aminerona-IlonTpsarina s 3agaui
(1-4) e

H(x,u,p,t) == fo (v, ) +y (0) f (x,u,1), (14)
ne w(t)— cupspxeni 3miaHi. Toxi ms (8)-(11) dynkuiero ['aminbToHa-IloHTpsTIHA €

H (xu,,a,,y,t)= iaj (OH (x,u; (1), p,1) . (15)

3 (14), (15) Ta npunuuny makcumymy [loHTpsrina[5] BumiBae, mo Ko piBHIHHS
H,(X,u,,w,t) =supH(X,u,y,t) (16)

Ma€ €IMHUH PO3B’A30K BIAHOCHO U,, TO KOB3HHMH pPEeXHM HE MOXe BUHUKHYTU. KoB3HMI pexum
MO’K€ MaTH MicCLie JIUIIE TOJi, KOJH ICHY€E JIeKiabKa po3B’sI3KiB piBHAHHSA (16).

Hooamox A. Teopema (Kapameooopi)[5)]. Hexait 4 — R". Bynp-sika Touka x € co A MoOxe
OyTu mojaHa y BMIVIAAI OMYKJIOi KOMOIHAIil He OuIbll HIX n+1 Touku x;, € 4, i=12,...,n+1.
TobTo,

n+l n+l

coA={xeR" ;x:za[xi, Za[ =La 20,i=12,...,n+1}.
i=1 i=1
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