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PO3/ILTI 4
AHAJII3 CUCTEM 3 IMIYJILCHUM BILTUBOM

CHUCTEMMU 3 IMITYJIbCHUM BIIVIMBOM: 3AT'AJIBHI BI/IOMOCTI.

1. Ocnosni nonoacenns. Hexaii X cRMN- dazoBuii mpocTip 1 3amaHa CcUCTEMa
nudepeHIiabHUX PIBHSHD

dx
— = f(x,1).
o (x,1)

Tyr xe X, teR'. Iosnauumo X(t,X,,t,) po3s’s30k cuctemu mpu ymoBi X(t,)=X,. 3amana
MHOXkHMHA | < X X R' i omepatop Al o3t Jp e Xx R'. IIporec BinOyBaeThCs HACTYITHUM
ypHOM: Touka (X,,t,) B cmiry cucremu (1) mepexomuts B MOMEHT t B TOYKYy (X(t),t),
X(t) = X(t, X,,t,). Pyx 3xilicHI0€TBCS 1O MOMeHTY t =t, >, Takoro, 1o (X(tl),tl) € J;. B Moment
t, Touka P, = (X(t,),t,) nepexomuts B TOUKY Atl(Pl)= (R(t,).1,) e Jt1 1 pyxaeTbcst gaii 1Mo KpuBii
(X(t),t), e X(t) = X(t, X(t,),t, ), B CHJIy CHCTEMH JIO TOTO 4Yacy, MOKH 3HOBY HE IOMaje B MHOKHUHY
It B nesknit moment t, >t,. Jlani min aiero omeparopa Ay Touka P, = (x(t,),t,) mepexomuts B
2
Touky Ay P, = ()?(tz),tz)e Ji 1 pyxaerbes jani mo Kpusii (X(t),t), X(t) = X(t,)A((tz),t2 ), 10 THX
2 2

Hip, IIOKH HC BHﬁHe Ha MHOXXUHY It . MaremaTnuHoO 11eH mponec HpHﬁHHTO 3alUCyBATH TaK:

d
d—’t‘= f(x,t), (el (1)

AX = A X—X. (2)
(X,t)E It
Tyr Ax=X(t+0)—x(t—0). CuiBigHomenHs (1)-(2) Ha3UBAKOTBCA cuCmemMor OuphepeHyiarbHux

PDIBHAHD 3 IMNYAbCHUM GHIIUGOM.
Osnauenns. Pos3p’sizkoM (1), (2) HasuBaetbes QyHkiis @(t), mo 3agoBosbHse (1) mo3a

MHOXHMHOW |y 1 ska wMae po3puBM TIEpmIoro poay B Toukax | 31 ckaukamu
AX =@t +0) -t —0) = Ap(t—0) —p(t-0).
Mo>x1B1 HACTYIIHI BapiaHTH: po3B’sI30K cHiBBiIHOMIEHS (1), (2)

-HE MiANaga€e MUTTEBOMY BIUIMBY, TOOTO IHTErpajbHa KpHUBa CUCTeMU piBHAHBb (1) He
IePETHHAE MHOXKHHY |, a00 niepeTnHaE ii B HEPYXOMHUX TOYKax oreparopa Ay .

-M1/111aJJa€ MUTTEBOMY BIUIMBY CKIHUEHY KUIBKICTh pa3iB.
-II/INA/[a€ MUTTEBOMY BIUIUBY 3II1YE€HHY KUIBKICTh PasiB — IHTErpajibHa KPUBa NepeTuHae |y B

3JiY€HIH KUTBKOCTI TOYOK, 110 HE € HEPYXOMHUMHU TOYKaMu oreparopa A .

Cepen po3B’sI3KiB, 1110 PO3IJISHYTI B OCTAHHBOMY BHUIA/IKY, BUAUIAIOTH PO3B’SI3KH, LI0:
a) MPOKOBTYIOThCA MHOKUHOW |i, (TOOTO 3amdumiaioThest B |y MOYMHAIOYM 3 JESIKOTO

MOMEHTY t; >1,);

0) MaroTh B | TOUKY CKyNUYEHHS.
Pyx y Bumajky a) mo TpaekTopii, U0 MPOKOBTHYJIACh MHOXHMHOK |{ €, mounHawuu 3 JEeAKOro
MOMEHTY, MOCIIOBHUM IEPEKHAAHHAM BifOOpaxyro4oi Touku B = (X(t),t) 3 TOJIOKEHHS

(X(tl),tl) B MOJIOKEHHS (Atl X(t,),t, ), mani B kAtzl X(t, ),tl), a 3 HbOTO B (Afl X(t, ),tl) 1 Tak nam. B

0) pyx IO TPAEKTOPIL, IO MA€ TOYKY CKYIUYeHHs B |, € pyxoM, sKuil Ipu HAaOIIMKEHH] 10 AESKOTO
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MOMEHTY 1, >1, 3/i4eHe YuCII0 pasiB momnajae i mokKuaae MHOXKHMHY |y 1 TOMy 1€l pyX He MOXKHa

IOPOJOBXKHUTU 10 MOMeHTy t=t. B peampHux cuctemMax B okomi Touku t=t, y Bumagky 0)

BiIOYBa€THCS HAPOJHKEHHS SAKICHO HOBOTO THITY PyXy, a00 1Ie MOXKE O3HAa4yaTH, 10 MOJeNIb HEBIPHO
onucye ¢izuaHmi nporec. [Ipu po3risaal cucteM 3 iMIyJIbCHUM BINTMBOM BHHMKAIOTH Ti XK 3a/1adi,
IO 1 7S 3BHYAHUX JuQepeHiaabHuX PiBHAHD (MPOOJIeMH iCHYBaHHS 1 MPOJIOBXKEHHS PO3B’S3KY,
€IMHICTh PO3B’SA3KY, CTIUKICTh PO3B’SA3KY, OoNTUMI3aIlis). AJe € 1 cienudivyni 3agayi.

Puc. 1

barato B womy cnemnudika mochiKeHb 3a1ad, MOB’si3aHUX 3 cmiBBiAHOmeHHsSME (1), (2),
BU3HAYAETHCS BIIACTUBOCTAMH oneparopa Ay .

/

Puc.2
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Tak sgxmo HE € OJHO3HAYHUM, TO BUHHKAIOTH 3a7ayl, B SKUX MOXIUBE ‘“‘MHUTTEBE”
9 9

PO3LUCIUICHHS PO3B’sI3Ky Ha KUIbKA pO3B’s3KiB (pHC.1). SIKmo Ay HE € B3a€MHO OJHO3HAYHUM, TO

MOXJIBA CUTYaLlisl, KOJIN KiIbKa PO3B’A3KiB MUTTEBO 37IMBAIOTHCS B OJIMH PO3B 30K (pHC. 2).
He meHm cneuu¢ivni 3anaui BUHUKAIOTh, SKIIO JOMYCTHTH, 10 MHOXMHA AS; =0 s

peskoro S; < ly. Take npumymieHHst 103BOJISE PO3IIAAATH “CMEPTHI” CUCTEMH: 300paxyroua
Touka Py, mo nomazae B S;, MEPEBOAUTHCS ONEPATOPOM A; B MOPOXKHIO MHOXKHHY, TOOTO
“nomupae”. MHOKHHA S; HAa3MBAETBCA MHOXKHMHOK “3armbeni” Ttpaekropii. JUis BkasaHoro

BHIIQJIKy BUHUKAIOTh 3a/a4i MPO CEPEIHIN Yac ‘“KUTTS PyXOMOi TOYKH, PO WMOBIPHICTH “‘CMEpPTI‘
3avac t, <t<T iTi.

PiznobapBHicTh cuctem Tumy (1), (2) BU3HAYAETHCSA TUIIOM MPABUX YaCTUH, THIIOM MHOXHHU
It , TuIIOM orepatopa A; 1 103BoJIsE IPOBECTH TIMOOKI Kinacudikaiii. Ha nanuit MOMEHT He icHye

Knacuikamii cucTeM 3 IMITyJIbCHUM BIUIMBOM I10 BIACTUBOCTAM MHOXHHH |i. A 3a Xapakrepom

IMITYJIBCHOTO BILIMBY PO3Pi3HAIOTH TPH ICTOTHO Pi3HI KJIACH:

1) cucremu, 110 MiAMAJAIOTH i IMITYJIbCHUI BILTUB Y ()iKCOBaHI MOMEHTH 4acy.

2) cucreMu, IO MiANANAI0Th IMiJI IMITYJIbCHUN BIUTMB B MOMEHT IOIMAJIaHHS 300pa)Kyrouoi
Touku Py Ha 3amani noepxHi t = 7;(X) posumpenoro $azoBoro npocTopy.

3) po3puBHI JUHAMIYHI CUCTEMHU.
M pospusnux junamiunmx cuctem f(xt)=f(x), I'=licX, I'[1=J; X, A=A

st Beix t, To0To cucrema (1)-(2) mae Burmsizg

dx
5= 00, xel (3)
AX XEF:AX_X:I(X) 4)

Omxe, pyx (a30BOi TOUKHU B Takiii cucTemi BifOYBa€ThCS MO OJHIN 3 TpaeKkTopiil cucremu (3)
B MPOMDKKY MDXK HOMaAaHHsAM (pa3oBoi Toukn Ha MHOXKUHY I . B MoMmeHT momanmaHHs Touka X(t)
“MHUTTEBO” TIEpEKUAAETHCS onepaTtopoM A B Touky Y = AX MHOxuHU [,.

2. Ilpuxnao. Po3rnsHeMo nudepeHiialbie piBHIHHS 3 IMITYJIbCHUM BILZTUBOM

dx

E: X, (5)
x(0) =1, (6)
A, = In(x(z, -0))-x(z, =0),i =12,t >0, (7)

ne 7, =1/2, 7, =1.
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A

X

Puc. 3
Lle € piBHSAHHS, IO MiANAAa€e Mix IMOYIbCHUN BIUIMB y (pikcoBaHI MOMEHTH 4acy. Po3B’spkemo

fioro. 3aranpHuit po3B’sa30k (5) y dopmi Komri X(t) = XoeZt X, =X(0).Hate [0,1/ 2) OTPUMYEMO

(1)

X('[)=e2t ,X(1/2+0)=In(e)=1. Ipu t € (1/2,1) po3p’szox X(t)=e2 =e_leZt,X(1+0)=1

ix(t)= ez(tfl), t e (1+0)
3aoaua 21. Po3B’s13aTH piBHSHHSA 3 IMIIYJIbCHUM BIUIMBOM
dx(t)
dt

ne N - ¢ikcoBaHe HaTypaIbHE YUCIO.

= 2x(t)+sint,t >t,, X(t,)=x,, X(z; +0)=x(z; =0)+cos(z;), t, =7, <7, <..< 7Ty,

CUCTEMU, 1O HIAINALAIOTH I IMIYJIbCHUN BIUIMB YV ®OIKCOBAHI
MOMEHTU YACY

Posrisinemo cucremy nudepeHIialbHUX PIBHSHD 3 IMITYJIbCHUM BIJTUBOM

%: fxt),t=z, (1)
Ao, = @i (%) 2

B 1iil cucteMi MHOXKHMHOIO /, € MOCHIIOBHICTh TINEPIUIOIINH f = 7, PO3MIUPEHOT0 (pa3oBoro
IPOCTOPY, {7, }- IUCKpPETHA MHOXHMHA (CKIHYEHHA 4M 3J11Y€HHAa) MOMEHTIB 4acy. Omeparop A4,
BU3HAYAETHCS TUIBKK I ¢ = 7,, TOMYy IO3Ha4uMo A = A 1

A X—>AX=X+D,(X) (3)

PosrnsiHemo fmeski 3arajgbHi TEOPEMH CTOCOBHO PO3B’SI3KiB CUCTEMH 3 IMITYJIbCHUM BILTUBOM
(1), (2). IlpumyctumMo, MmO CYKYIHICTh po3B’s3kiB cuctemu (1) BOJIOJII€E HACTYITHUMH
BIIACTHBOCTSIMU:

1) (nenpoooeacysanicmv). Koxuuii po3B’s30k x(¢) cuctemu (1) € HemepepBHOI (QYHKIIIETO,

10 BU3HAYEHUH Ha BIAPI3KY (a,b), sIKUN € CBOIM JUIsl KOKHOTO PO3B’sI3KY (a < b,a,b € [—oo,+00]).
[Tpu pomy, sIKIO @ > —o0,(b < ), TO ||x(a + O)|| = o0 (BIAMOBITHO ||x(b — O)|| =0).

2) (noxanvruil xapaxmep). Slkmo neska ¢pynkuis X(t), t € (a,b) 3amoBonbHse ymoBi 1) 1 s
KOXHOro f, € (a,b) icHye & >0, Take, 10 Ha KOXHOMY 3 IHTEpBaNlB (f, —&,t,) Ta [f,,t,+&]

¢byHKIisA x(¢) criBmajgae 3 1eSKUM PO3B’SI3KOM, TO Xx(f) OyJe TaKoX pO3B’SA3KOM.
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3) (po3é’asuicms 3a0aui Kowi). JIns nOBUIBHUX f,,X, ICHY€ IOHaMEHIIE OJUH PO3B’I30K
x(t), t €(a,b), cucremu (1) , ms sixoro ¢, € (a,b) 1 x(t,) = x,.
[li BUMOTH BHKOHYIOThHCS, 30KpeMa, it cuctemu (1), mpaBa yacTuHa SKOi HemepepBHa, abo

3aJI0BOJIBHSIE cUCTEMI qudepeHIiaabHuX piBHAHb Kapareonopi.
Omneparop 4., B3araji Kaxydu, He OOOB’S3KOBO OJHO3HAuHHUH, TOOTO, AXx MOXe OyTH

MHOXHHOIO (B TOMY YHCIIi 1 TOPOKHBOIO), X € R". Mae Miclie HaCTyITHE TBEPKCHHS.
Teopema 1. SIkmo po3B’s3KM cUCTeMH JudepeHIianbHuX piBHAHb (1) 3a10BOJIBHSIOTH

ymoBaM 1)-3), To ans poBulbHUX U € R, X, € R" icHye, IIOHaiiMeHIIe, OIMH PO3B’S30K
X(t),t € (a,b) cucteMd 3 iMoynbcHUM  BmmmBoMm (1),  (2), s SIKOTO
a<t, <b, a,b e[-oo+x], X(t,) = X,, (npu ¢, <b) ado x(¢t, —0) = x, (upu ¢, = b). IIpu ubomy

1) sx1o a < —oo, 10 abo ||x(a+0)|| =o,ab0 a=1,, x(a+0)|| <oix(a+0)e AR";

2) sxkio b < o, T0 abo ||x(b—0)|| =00 ,a00 b=7;, X(b-0) icuyei 4,x(b-0)=0.

3aysancenns . B Teopemi 1 ymoBu 1) — 2) 03Ha4ar0Th, 110 PO3B’SI30K HE MOKHA MTPOJIOBKUTH
no3a intepsan (a,b) B cuiy cuctemu (1), (2).

IIpu poButkHOMY M < R" mosnauumo g(4,f))M MHOXUHY 3HaueHb x(f) U1 BCIX
po3B’s3kiB cuctemi (1), mst sixkux x(f,) € M . Toxai aHanorivHa MHOXKHHA JUIS PO3B’SI3KIB CUCTEMH
(1),(2) mae Burnsan G(t,t,)M , ne BinoOpaxenust G mpu ¢ > ¢, BU3HAYAETHCA HOPMYIIOLO:

G(t,t))M =g(t, 7)) A9(7, 7)) A A9(T ), 1M,

T, <t<r,,i=]-1].,j=min{i:7; >t,}.

3aoaua 22. Slkuit Burian Oyze MaTH L€ CIiBBIIHOIICHHS IpH ¢ < f,?

I1puxnao. Po3s’soxemo 3axauy Kori st piBHSHHS 3 IMITYJIbCHUM BIZTHBOM

X ..
%:1,#7“ Ax\t:,i =In(2-x), x(0) =0, 7, =i,i=12,....
BusiBnserscs, mo po3B’s30K x(¢) HE MOXKHA MPOJOBXKUTU Ha Binpi3ok [0,2] 1 MOMEHT =2 €
MOMEHTOM rubem  BKazaHoro  po3B’s3ky.  Jlificho mnpu  t €[0,2) orpumyemo

X(t)=t,In(2—x(1)) =0. B moment t=2 X(2)=2. Oynkuis In(2—x) B Toum x=x(2) He
BU3HAUCHA, a TOMY BKa3aHUH PO3B’ 30K B MOMEHT ! = 7, THHE.
I B3araui, BUmaaok, koiu Ax" = @ Bianoigae ‘“3aeubeni” TPAEKTOPIi, MO MPUHAIILIIA B TOUKY

x" B MOMeHT 7,. MHOXuUHa {x : 4x = O} € “MmHOdNCUHOW 3a2ubeni” TPAEKTOPil B MOMEHT 7, .

Teopema 2. JInst enunocti po3B’s13Ky 3anaul Komri cuctemu (1), (2) B HanpsMKy pocty t npu
JOBIIBHUX MMOYAaTKOBUX JAAHUX X,, t, HEOOX1IHO 1 JOCTATHBO, 1100 BUKOHYBAJIUCh HACTYIIHI YMOBH:

1) cucrema mudepeHmianbHUX piBHAHB (1) € cucTeMoro, i SKOi BUKOHYETHCS €IUHICTh
po3B’s3Ky 3anaui Komi npu nosinbHOMY £, # 0 ;

2) npu noBineHOMY t, =7;,X, € AR" KoxHa 3 MHOXUH AX, MICTUTh He Oilblie OIHOTO
€JIEMEHTY.

3aysaoccenns. B HanpsMKy cnagaHHs t TeopeMa (OPMYITIOETHCS AHAJOTIYHO, SKIIO A,
3aMiHuTH Ha A .

Otxe, mig Aiero onepatopa A, po3B’SI3KM MOXKYTb 3IMBaTHCS, PO3IIEILUIIOBATUCH 1 CUCTEMA

(1),(2) moxe BTpadaTu €IUHICTH PO3B’s3Ky. [l HEeoOMeXyBaHOi MPOIOBKYBAHOCTI PO3B’SI3KY
cuctemu (1), (2) Bepen Ta Hazag HEOOX1THO 1 TOCTATHRO, OO IF0 BIACTUBICTIO Masia cucteMa (1) 1

AR" =R" mns Beix i.
IIpuxnao. Posrnsgaemo 3agauy Ko /i piBHSHHS 3 IMITYJIbCHUM BILUTUBOM
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@=1+x2,t¢q, (4)
dt

7 .
AX_, =-17 = x(0)=0,i=01,.... (5)

. . V4
Ockinbku po3B’A30K piBHSAHHA (4) € x(¢) =tgt — oo 1pu t—)E, TO PO3B’s130K (4) HE €

. . T . . ,
MPOJIOBXKYBAaHUI Ha IHTEPBAJ [0,5]. AJie 3a paxyHOK IMITYJIbCHOTO BIUTUBY LI€H PO3B’S30K MOXKHA
npoaoBXuTH Ha ¢ > 0. [lificHo, po3B’s30k X(f) cucremu 3 immyabcHuM BiutuBoM (4), (5) €

. . . T . .
MEPiOANYHOI0 QYHKIIIEIO 3 TIEPIOIOM " 1 x(t) =tg(t —ZI), te(r,7,4), 1=01....

[Tpunycrumo, 1m0 po3B’a3ku cucteMu (1) 3a10BOJNBHAIOTH HACTYIIHIN BIaCTUBOCTI:

4) (nokanvua komnakmuicmy). JIns KOBUIBHUX f,,X, icHye Take & > 0, IO SKIIO0 |t1 - t0| <eg,
||Xl - X0|| <&, 10 Oymp-sakuid po3B’s3ok X(I) st skoro  x(#)) =x,, ICHye Ha BIIpI3Ky
thb—&<t<t,+& 1 CyKyNHICTb IMX pO3B’A3KIB Ipu (QikcoBaHux t,, X,, & KOMIIAKTHA B
C(ty—&,t,+ ).

[TpunycTumMo TakoxX, 110 BiIOOpaXKEHHs A, HaliBIEPEPBHE 3BEPXY.

Teopema 3. Hexall mpu BKazaHMX NPUITYIIEHHSX 1 IPU 3aJaHUX [, x(f,) Ta IPU yMOBI, 11O
kKoMrnakT K < R" € Hemopo>kHiM, BCi PO3B’S3KH CHCTEMH IU(pepeHIianbHuX piBHAHB (1), ISt sIKUX
x(t,) € K ,icayrotb Ha t, <t <T,t, <T <oco. Toni s gesaxkoro & > 0 Oyab-sKuil po3B 30K )_c(t) ,
mo 3anosobase ymosi p(X(t,),K) < & |t, —t,| < &, icuye na Binpisky #, —& <t <T i cyxynnicts
IIUX po3B’sA3KiB npu ¢ikcoBanux t,, K, T, & € KOMIAKTHOIO B METPHIl PIBHOMIPHOTO BiJXWJICHHS
11 KYCKOBO HENepepBHUX (PyHKIIN. SKIIO0 X £, = 7,, TO Iie € CIPAaBEIMBUM IIPH ¢, < £, .

Hacniook 1. SIxmo B ymoBax Teopemu 3 po3B’si30k 3anaui Komri cuctemu (1) enunnii , a 4, -
O1€ekuis, TO po3B’A30K Xx(Z,X,,t,) cucremu (1),(2) HEEepepBHO 3aIEKUTh Bif f, # T,,X, Ha KO)KHOMY
3aMKHEHOMY 1HTepBalll, Ha AKOMY X(Z,X,,Z,) € Bu3HaueHuM. [Ipu ¢, = 7, 1 3a1eKHICTh HENEpepBHa

3J1iBA.
Hacnioox 2. B ymoBax teopemu 3 muoxwuHa G(t,t))K, te[t,,T] € xommakrom mpu

KOJKHOMY t, HENEepepBHO 3aJeXWTh BiJ ¢ # 7,, @ IPU ¢ =7, L 3aJIEKHICTb HEMepepBHA 31iBa 1
G(r, +0,t)K = AG(t,t))K . 3anexnicts G(t,t,)K Bin K HamiBHenepepBHa 3BepXy PIBHOMIPHO IO
t.
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