Jlekyis 4.

BJIACTUBOCTI HEITEPEPBHUX MHOI"'O3HAYHUNX BIIOBPAXEHb
(npooosorcenns)

1. Bracmusocmi Henepepsnux 6ioodpadicenb. B monepenHboMy NyHKTI Oyiia JoBeleHa
OOMEKEHICTh HaIliBHENIEPEPBHUX 3BEpXY BiNOOpaK€Hb Ha KOMIIAKTiI (Teopema 2 MOINepeaHboi

aekiii). TTo3naunmo 3a COA OmyKIy 0OO0JOHKY MHOKHHH A 1, CoA - 3aMKHEHY OIyKJy OOOJIOHKY
MHOKHHM A 2.

Jlema 1. SIkuo mHOXMHA A oOMexeHa, To (COA)® = Cco(A?)

Hosenenns. (=) Hexait b ¢ (C0A)® (muB. puc. 1 1 puc. 2). Tooro po(b,c0A)=a>¢.
3HaiiieTbest Touka a € COA, Taka, wIO p(b,a) = «. IlomicTIMO TOYATOK KOOPAMHAT B TOYKY D i
HampaBuMo Bice OX, Bix b mo a. Bizbmemo Oymp-sixe [ e(g,a). MHOKHHA COA JIXHUTb B
obmacti X, > £, MHoxkuHa A-takox. Tomi A® nexurs B HamiBopoctopi X, = f—¢. 3a

O3HaYCHHAM OITyKJI01 00010HKH CO(A”) nexuts B X, = ff—¢. Tomy b ¢ co(A%).
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(<) Hexait b ¢ co(A®) (amB. puc. 3 i puc. 4). HanpaBumo Bice OX; Bix Touku b 1o C -
HalOommK4oi Touku 3 MHOXHHE CO(A?). Tomi p(b,c) =y >0, co(A?)nexurs B obmacti X, >3,

(0<d<y) i A®-takox. 3Haunth, A 1 COA nexare B HamiBIpocTopi X, >J+¢&, a (COA)*-B
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HaIBIPOCTOpi X, = O . 3HaunTh, b & (COA)* . Jlemy moBeneHo.
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HAaWMCHIIIA 3aMKHCHA OIYyKJIa MHOKHHA, IO MICTUTH A

B.B. Iliuxyp

|
|
|
|
L
|
|
|
|
|
|
'
'
|
¢ 1
|
1
1
1

o




Jlekyis 4. 2

Teopema 1. Sxmo H(pP) € crporum KoOMIakTO3HauyHUM [ —HenepepBHHM (abo o —
HEMepepBHUM) BimoOpakeHHsM, To ¢yHKuis F(p)=coH(p) e [f-HenepepBHowO (—
HETEPEPBHOIO).

Hosenennsa. [na noBuibHux p, €D 1 £>0 icaye 6 >0, take, mo a1a OyAb-KOro

p e K;(p,) Buxonyerbess H(p) < (H(p,))®. 3a nemoro 1

coH (p) < co(H (p,))* =[coH (py)I°- 1)

To6to, F(p) < (F(py))°. SAxmo x ¢ynkuis H -a-HenepepBHa, To cupaBmkyerbes (1) i, kpim
toro, 3 H(p,) < (H(p))* cainye F(p,) < (F(p))°. Tobro, F — «-HemepepBHa (YHKIIIS.
TeopeMy noBeneHo.

Teopema 2. Hexaii f(p)—oOmexena onnosnauna ¢yukuis, pe Dc R™, f(p)eR" . dua
KOJXKHOTO P, € D nosHaunmo 3a H (P,) MHOXHMHY BCiX IpaHMYHHUX 3HaueHb QyHKuii f(p) mpu

P — p,, o nonoBHeHe 3HaueHHsAM f(p,), skmo p, € D. Toxi ¢pynkuii H(p) i F(p) =coH(p)
€ [} —HenepepBHUMHU.

Jlosenenns. Hexait pe D. Tomi H( p)-3aMKHEHA MHOXKHHA,

H (E)‘ <. I'padik QyHKIii
H e 3amukanusm rpadika ¢yukmii f. Tomy Bin 3amkHenuii. Omxe 3a Teopemamu 1 Ta 3
nonepeaHboi Jekuii Binoopaxkenuss H 1 F — £ -nenepepsui. Teopemy noBeneHo.

Teopema 2. Hexaii f(p,u,,...,u, ) —0aHO3HaUHA 1 HemepepBHa (QyHKILisA. SIKIIO0 MHOTO3HAYHI
¢yskmii  u,(p),...,u,(p) B TOUmi P oOMexeHi 1 [f-HemepepBHi, TO  (QYHKIA
H(p) = f(p,u,(p),...,u,(p)) obmexena i [ —HenepepBHa.

JloBeleHHST TEOpEMHU aHAJIOTIYHE JOBEJCHHIO IMPO HETIEPEPBHICTH CYMEPIIO3UII] HEMEPEPBHUX
GyHKIIH B TOYII.

Teopema 3. Hexaii ¢:R" —->R', @eC(R"), F(p) - HamiBHemepepBHE 3BEpXy
KOMIIAKTO3HauHe Bimobpaxkenns, p € D, D c R™-3amMkuena oomexena obnacts. Toai GpyHKIis

w(p) = max ¢(Xx)

xeF(p)
HamiBHeniepepBHa 3Bepxy, pe D. fxkmo F(p) e HemepepBuum 3a Xaycmopdpom Ha D, TO

weC(D).

Josenenns. Bubepemo n0BinbHY Touky S D. IMosHaummo x'=argmax ¢(x). s Touku
xeF (s+h)

X“e F(s+h) icaye ye F(s), Take, mo HX* — yH —0 mpu h—0. Toni
y(s+h) =(x*) = (y) + W, (h) < max o(x) + w, (h) = p(s) + w, (),

ne W,(h)—>0 nmpu h—0. 3Bixcu Llng w(s+h)<wy(s). Skmo Mae Miciie HEmepepBHICTh 3a
XaycnophoM, To aHAJIOTIYHO AOBOAUTHCS HepiBHICTh W (S) <w(s+h)+w,(h), ne w,(h)—0 npu
h—0. Tomy Llrrg w(s+h)=w(s). Teopemy moBezeHo.

Hacniook. SIxmo B ymoBax teopemu 3 BimoOpakeHHust F(p) e HemepepBHuM 3a Xaycaopdom
Ha D, To QpyHKuis

E(p) = min p(x)

xeP(p)

Hayiexuth Kiaacy C(D).

2. Busnauaroui pynxyii. Hexait K € kommakr BR™.
Osnauenns. Oynkuis a € C(R™), Taka, 1o
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Jlekyis 4. 3
a(x)<1l, xeintK;
a(x)=1, xedK;

a(x)>1, xeR"-K

Ha3HuBA€THCA sU3HA1Ar040r0 A1 MHOXHWHU K.

Ipuknaou.
Ix

1). Muoxuna K = Kr(O). Toni Bu3Hauaroua GpyHkiis o X) = —”, xeR™.
r

3a3HaunMo, 10 GyHKILIS ﬁ(x) = ||X|| —r +1 Takox € Bu3Ha4awuow aisi K.
2. Hexaii {rs }5N=1 — cucrema BekTopiB 3 R™, rang{rs }SNzl =m, N >m 1 3amaHa MHOXHHa

AZ{XERm s|rS x

<1ls=12,...,N } Toni pynkis ﬂ(x) = —rlnzaXN

rST X‘ € BU3HA4Yar04010 AJIA A.

Teopema 4. [Ins xomnakty K icHye BU3Ha4aro4a (pyHKITis.
Hosenenns. Oynkuis y(X)=C min||x — y|| € wenepepsHoo B R™, ¢ >0. Toxi
yeoK

1-w(x), xeK;
a(x)= )
1+w(x), x¢K;
3aJJ0BOJIbHSIE YMOBaM TeopeMu. Teopemy JT0BEICHO.
3aysaocennsn. B ymoBax Teopemu 4 BU3Hauarody (yHKIII0 MOKHA BUOpaTH Tak, 110 a(x) >0.
Jly1st bOTO B IOBEJICHHI OepemMo

-1
c= [mgz max - yll} -

Hexait B = {G(u) :G(u)cR"ue D} — xnac kommakriB, D < R™-zamkHeHna oOMmexeHa
0071acTh.

Teopema 5. JIns toro, mo6 BigoOpaxenus G, G(u)e B, ueD, Oyno HemepepBHUM 3a
Xaycmopdom, HeoOXiaHO i qocTaTHBO, 00 icHyBanta Gpyrkiis o € C(R" x D), Taka, m1o:

a) a(x,u) =1, skmo X € oG(u);

0) a(x,u) <1, sxmo X €intG(u);

B) a(X,u)>1, sxkmo X e R"—G(u), ueD.

Hosenenns. JloctatHicth oveBuaHa. [lokaxkemo HeoOximHicTh. g 1boro modyayemo

BHU3HAYa0uy (PyHKIIiO

1=y (x,u),x e G(u),
a(xu)= {1+ w(x,u),x e R" —G(u)

muOkuEn G(U) € B. Tyr w(x,u) = n;!rg)”v—x”, xeR", ueD. 3 teopemu 4 BumIMBaE, IO
Ve u

JOCUTh JI0BECTH HemepepBHICTh «a(X,U) 3a UeD. 3 Hacmiaky Teopemu 3 BUIUIMBAE, IO IS

noBinmsHOro X € R" Qynkuis eC(D). Hexaii seD. fkmo XeintG,, To w(X,s)>0 i icHye
h >0, rake, mo w(x,t) >0 npu te Kh(s)m D. Ile o3nauae, mo X e G(t), 1 a(x,t)=1-w(xt) €
HernepepBHO (yHKIiEW, e Kh(s)m D. AHaJloriyHO MOKa3yeThCsi HemepepBHICTh @ =a(X,U) B
toui U=S, skimo X e R"—G(S). Ipunyctumo, mo Xe G,. Tomi w(X,s)=0 i a(x,5)=1.

3Bigcu |a( X,t)—a(Xx,s )| = |l//( Xt )| —>0nput—s.0mxke, ae (R" X D). TeopeMy n0BeaCHO.
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Jlekyis 4. 4
Teopema 6. Hexaii ®=ﬂG(u), Q:UG(U), G(u)eB. Tomi H(X):m%xa(x,u) i

ueD ueD

w(X)= miga(x,u) € BU3HAYAOYMMU (QYHKIISIMH BiAmoBigHO MHOXHH O 1 Q. Tyt a(X,u) —
ue

(GyHKIIIS, 110 33J0BOJIBHSIE YMOBH TEOPEMH O.
Nosenenns. Hexait Xxeint®. Toxi a(x,u)< l,ueD i maxa(x,u)< 1. Sxmo Xe D, To
ueD

a(x,u)g 1, ueD, ane icuye s e D, Take, 1o a(x,s)=1. Tomy m%Xa(X,u)=1. IIpu xeR" -0

3HanAeThea S € D, mig sxoro a(x,s)> 11, omke, O(X)>1. AHAIOTIYHO TOBOJUTHCS TOU (AKT, 10
@(X) € Bu3Havarouoro ¢pyHkiiero Q. TeopeMy T0BeACHO.
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